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AUTOMORPHIC L-INVARIANTS FOR REDUCTIVE GROUPS
LENNART GEHRMANN
Abstract. Let G be a reductive group over a number field F , which is split
at a finite place p of F , and let pi be a cuspidal automorphic representation
of G, which is cohomological with respect to the trivial coefficient system
and Steinberg at p. We use the cohomology of p-arithmetic subgroups of
G to attach automorphic L-invariants to pi. This generalizes a construction
of Darmon (respectively Spieß), who considered the case G = GL2 over the
rationals (respectively over a totally real number field). These L-invariants
depend a priori on a choice of degree of cohomology, in which the representation
pi occurs. We show that they are independent of this choice provided that
the pi-isotypical part of cohomology is cyclic over Venkatesh’s derived Hecke
algebra. Further, we show that automorphic L-invariants can be detected by
completed cohomology. Combined with a local-global compatibility result of
Ding it follows that for certain representations of definite unitary groups the
automorphic L-invariants are equal to the Fontaine-Mazur L-invariants of the
associated Galois representation.
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Introduction
Let f be a normalized newform of weight 2k and level Γ0(M). Suppose that
M = pN with p prime, p ∤ N and that the p-th Fourier coefficient of f is equal to
pk−1. As a special case of the general interpolation formula one sees that the central
critical value of the p-adic L-function of f vanishes independently of the value of
its complex counterpart. In [MTT86] Mazur, Tate and Teitelbaum conjectured the
existence of a constant L(f) ∈ Cp - the L-invariant of f - which depends only on
the restriction of the Galois representation attached to f to a decomposition group
at p, such that
d
ds
Lp(f, s)|s=k = L(f) · L(f, k).(0.1)
In the special situation that f corresponds to a rational elliptic curve E, i.e. k = 1
and Qf = Q, the condition ap = 1 is equivalent to E having split multiplicative
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reduction at p. Thus, by Tate’s p-adic uniformization theorem there exists a p-adic
number q ∈ Q∗p of absolute value less than 1 and an isomorphism
Grigm /q
Z = Erig
of rigid analytic groups. In that case Mazur, Tate and Teitelbaum propose the
following candidate for the L-invariant of f :
L(f) =
logp(q)
ordp(q)
.
In the higher weight case several constructions of the L-invariant were proposed.
These a priori different L-invariants are known to be equal and fulfil equation (0.1)
by the work of several authors (see [BDI10] or [Col05] for a more detailed discus-
sion). The following is an incomplete list of various constructions of L-invariants:
• Fontaine andMazur (see [Maz94]) define L-invariants in terms of the filtered
Frobenius module associated to the local Galois representation attached to
f .
• In [Tei90] Teitelbaum defines L-invariants via p-adic integration theory in
the case that f has a Jacquet-Langlands lift to a Shimura curve, which
admits a Cerednik-Drinfeld-uniformization. It uses the description of the
relevant space of automorphic forms as harmonic cochains on the Bruhat-
Tits building, which are invariant under a p-arithmetic subgroup of the
group of units of a definite quaternion algebra, and Coleman’s p-adic inte-
gration theory.
• In analogy with the construction of Teitelbaum a candidate for L(f) is
defined by Darmon (cf. [Dar01]) in the weight 2 case and Orton (cf. [Ort04])
for general weights in terms of harmonic cochains, which are invariant under
p-arithmetic subgroups of GL2(Q).
• Breuil (see [Bre10]) gives a definition of L(f) by studying the f -isotypical
component of completed cohomology of modular curves, which leads to the
first instances of the p-adic Langlands program.
In recent years several authors generalized some of these constructions to higher
rank groups. In [Spi14] Spieß generalizes Darmon’s approach to Hilbert modular
forms of parallel weight 2 and proves the analogue of Mazur, Tate and Teilbaum’s
exceptional zero conjecture in this setting. Besser and de Shalit (see [BdS16]) give a
generalization of both the L-invariant of Fontaine-Mazur and the one of Teitelbaum
for varieties, which are p-adically uniformizable by Drinfeld’s d-dimensional upper
half space. They replace Coleman’s p-adic integration theory by Besser’s theory
of finite polynomial cohomology. Finally, Ding generalizes Breuil’s approach to
automorphic forms on definite unitary groups, which are split at p (cf. [Din19]).
He defines what he calls Breuil’s simple L-invariants and shows that they are equal
to Fontaine-Mazur L-invariants of two-dimensional subquotients of the associated
local Galois representation, or rather of the associated (ϕ,Γ)-module.
The main aim of this article, which is carried out in Section 3, is to generalize the
approach of Darmon, or rather its representation-theoretic reformulation by Spieß,
to suitable automorphic representations of higher rank reductive groups. Let us give
a rough sketch of the construction, in which we ignore all kinds of class number
issues. Let π be a cuspidal automorphic representation of a semi-simple reductive
group G over a number field F such that
(i) π is cohomological with respect to the trivial coefficient system,
(ii) there is a finite place p of F such that G is split at p and the local component
πp is the (complex, smooth) Steinberg representation St
∞
Gp(C) of G(Fp) and
(iii) a form of strong multiplicity one holds for π.
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(See Section 1 for a complete list of assumptions we impose on π and G.) To
simplify notations in this introduction we assume that the finite part of π can be
defined over the rationals.
By property (i) we can find an arithmetic subgroup Γ ⊂ G(F ) such that the
π-isotypical part of H∗(Γ,Q) is non-zero. Evaluation at an Iwahori-fixed vector
yields a map
H∗(Γp,Hom(St∞Gp(Q),Q)) −→ H
∗(Γ,Q)
for a suitable p-arithmetic subgroup Γp ⊂ G(F ). By analyzing the resolution of the
Steinberg representation coming from its interpretation as the cohomology with
compact supports of the Bruhat-Tits building of G(Fp) one sees that the map
induces an isomorphism on π-isotypical components (see Proposition 3.6).
We fix a Borel subgroup of the split group GFp . Let ∆ be the corresponding
set of simple roots. For a subset J ⊆ ∆ we denote by v∞J (Q) the associated
smooth generalized Steinberg representation of G(Fp), e.g. v
∞
∅ (Q) = St
∞
Gp(Q) and
v∞∆ (Q) = Q. By a theorem of Dat and Orlik (see [Dat06] and [Orl05]) the space
of smooth I-extensions Ext|I|∞ (v
∞
I (Q), St
∞
Gp(Q)) is one-dimensional. A choice of
generator of said Ext-group yields a map
H∗(Γp,Hom(St∞Gp(Q),Q)) −→ H
∗+|I|(Γp,Hom(v∞I (Q),Q)).
A crucial result of the article is that this map induces an isomorphism on π-typical
components (see Corollary 3.8). In the PGL2-case this result was previously proven
by considering an explicit resolution of said extensions by compactly induced rep-
resentations (cf. Lemma 6.2 of [Spi14]). We use a different, less explicit method: by
a spectral sequence argument we reduce the proof to the vanishing result of certain
Ext-groups, which is an easy corollary of the results of Dat and Orlik (see Corollary
2.10).
By a theorem of Borel and Serre the smooth Steinberg representation St∞Gp(Q)
has an integral model, which has a resolution by representations which are com-
pactly induced from finitely generated Z-modules (see Theorem 2.4). This implies
that the natural map
H∗(Γp,Hom(St∞Gp(Z),Z)) ⊗Q −→ H
∗(Γp,Hom(St∞Gp(Q),Q))(0.2)
is an isomorphism (see Proposition 3.2). This allows us to take cup products with
more general extension classes, which we describe in the following: For a subset
J ⊆ ∆ let VanJ (Qp) be the associated locally analytic generalized Steinberg repre-
sentation. In Section 2.4 we construct a natural isomorphism
Homct(F
∗
p ,Qp) −→ Ext
1
an(v
∞
I (Qp),V
an
J (Qp)), λ 7−→ E
an
I,J(λ ◦ i)
for any subset J ⊆ I ⊆ ∆ with |I| = |J |+ 1. Here i ∈ I denotes the unique simple
root not contained in J . This is a slight generalization of a result of Ding, who
proved the corresponding result for G = GLn and I = ∅ in Section 2.2 of [Din19].
Let StanGp(Qp) be the locally analytic Steinberg representation and i ∈ ∆ a simple
root. Via the isomorphism (0.2) and basic theory of p-adic integration we can define
a cup product pairing
Hd(Γp,Hom(St∞Gp(Q),Qp))×Homct(F
∗
p ,Qp)
∪
−→ Hd+1(Γp,Hom(v∞{i}(Q),Qp))[π].
Thus, by restricting to the π-isotypical component and to an isotypical component
of the action of π0(G∞) we get a map
c
(d)
i (λ)[π]
ǫ : Hd(Γp,Hom(St∞Gp(Q),Qp))
ǫ[π]→ Hd+1(Γp,Hom(v∞{i}(Q),Qp))
ǫ[π]
for any λ ∈ Homct(F ∗p ,Qp). Let q be the lowest cohomological degree, in which
π occurs. We define L
(d)
i (π, p)
ǫ ⊆ Homct(F ∗p ,Qp) as the kernel of the map λ 7→
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c
(d+q)
i (λ)[π]
ǫ. By Corollary 3.8 the L-invariant L
(d)
i (π, p)
ǫ does not contain the
subspace of smooth homomorphisms. If the multiplicity of π is equal to one, we
conclude that the codimension of L
(0)
i (π, p)
ǫ is one.
We end Section 3 by giving some easy properties of these L-invariants. For
example, in Section 3.4 we study their behaviour under twisting by characters and
Galois actions. We show that one could define automorphic L-invariants also in
terms of cohomology with compact supports in Section 3.6.
In Section 4 we give a generalization of the main result of [Geh19a]. More pre-
cisely, we show that automorphic L-invariants are independent of the cohomological
degree d provided that the π-isotypical component of cohomology is cyclic over the
derived Hecke algebra introduced by Venkatesh in [Ven16].
Conjecturally one can associate a p-adic Galois representation ρπ to π, which
takes values in the so-called C-group of G. The fact that π is Steinberg at p
should imply that the restriction ρπ,p of ρπ to the local Galois group at p is totally
reducible. In Section 5.1 we define for each simple root i ∈ ∆ the L-invariant
Li(ρπ,p) as the Fontaine-Mazur L-invariants of the two-dimensional subquotient of
ρπ,p cut out by i. The rest of Section 5 is devoted to showing that automorphic and
Galois theoretic L-invariants agree in a very special situation that was considered
before by Ding. For example, we assume that G is a definite unitary group and π
is spherical except at p and another place (see Section 5.3 for further assumptions
we have to impose on G and π).
In order to do this, we first show that that the 0-th degree L-invariant L
(0)
i (π, p)
ǫ
is detected by completed cohomology (see Proposition 5.7 and 5.13). This is a gen-
eralization of a theorem of Breuil, who considered modular curve case (see [Bre10],
Theorem 1.1.5). Then, in the above mentioned special situation one can use the
local-global compatibility theorem of Ding (see [Din19], Theorem 1.2) to obtain the
equality of L-invariants.
Notations. All rings are assumed to be commutative and unital. The group of
invertible elements of a ring R will be denoted by R∗. If R is a ring and G a group,
we will denote the group ring of G over R by R[G]. Given topological groups H
and G we write Homct(H,G) for the space of continuous homomorphism from H
to G. Let H be a closed subgroup of a locally profinite group G and M an R-
linear smooth representation M of H . The (smooth) compact induction c-indGH M
of M from H to G is the space of all locally constant functions f : G → M which
have compact support modulo H and saistfy f(hg) = hf(g) for all h ∈ H, g ∈ G.
Compact induction c-indGH M is an R-module on which G acts R-linearly via the
right regular representation. Let χ : G→ R∗ be a character. We write R[χ] for the
G-representation, which underlying R-module is R itself and on which G acts via
the character χ. The trivial character will be denoted by 1.
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Michael Spieß for helpful conversations on completed cohomology. Finally, I would
like to thank all past and present members of ESAGA, who taught me new and
exciting mathematics during the past five years.
1. The setup
We fix an algebraic number field F with ring of integers O. In addition, we fix
a finite place p of F lying above the rational prime p and choose embeddings
Qp ←֓ Q →֒ C.
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If v is a place of F , we denote by Fv the completion of F at v. If v is a finite
place, we let Ov denote the valuation ring of Fv and ordv the additive valuation
such that ordv(̟) = 1 for any local uniformizer ̟ ∈ Ov. We write N (v) for the
cardinality of the residue field of Ov.
Let A be the adele ring of F , i.e the restricted product over all completions Fv of
F . We write A∞ (respectively Ap,∞) for the restricted product over all completions
of F at finite places (respectively finite places different from p). More generally,
if S is a finite set of places of F we denote by AS the restricted product of all
completions Fv with v /∈ S.
If H is an algebraic group over F and v is a place of F , we write Hv = H(Fv).
We put H∞ =
∏
v|∞Hv.
Throughout the article we fix a connected, semi-simple algebraic group G over
F of F -rank l. We assume that the base change GFp of G to Fp is split. Let
K∞ ⊆ G∞ denote a fixed maximal compact subgroup. The integers δ and q are
defined via
δ = rkG∞ − rkK∞
and
2q + δ = dimG∞ − dimK∞.
At last, we fix a cuspidal automorphic representation π = ⊗vπv of G(A) with
the following properties:
• π is cohomological with respect to the trivial coefficient system,
• π is tempered at ∞ and
• πp is the (smooth) Steinberg representation St
∞
Gp(C) of Gp.
The field of definition of the finite part of π is denoted by Qπ and the multiplicity
of π in the space of automorphic forms is denoted by mπ.
Hypothesis (SMO). We assume that the following strong multiplicity one hypoth-
esis on π holds: If π′ is an automorphic representation of G such that
• π′v
∼= πv for all finite places v 6= p,
• π′p has a Parahori-invariant vector and
• π∞ has non-vanishing (g,K◦∞)-cohomology,
then π′ is isomorphic to π.
Remark 1.1. One could weaken the assumptions on G. For example, it is enough
to assume that G is reductive and not necessarily semi-simple. To ease notations,
e.g. one does not have to fix a central character, we stick to the semi-simple case.
The condition that the group is split at p could be removed by slightly extending
known results from the literature. Anyway, it turns out that the split situation is
the richest one. For example, in case Gp is compact our construction would be
empty (see Remark 2.8 for more details).
Of course, one would like to extend the construction to representations which are
cohomological with respect to an arbitrary coefficient system. Most of the results
carry over to the more general situation. But the existence of nice integral structures
on algebraic twists of Steinberg representations is not known. This seems to be a
difficult problem (see Remark 2.6).
The strong multiplicity one hypothesis is known in some examples, most promi-
nently it is known for all automorphic representations of G = PGLn.
2. Local considerations
In this section we recollect results about generalized Steinberg representations
of the group Gp.
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If H ⊆ GFp is an algebraic subgroup of the base change GFp of G to Fp, we also
denote the group of Fp-valued points of H by H . Given a ring R and an closed
subgroup H ⊆ Gp we denote by CsmR (H) the category of smooth R[H ]-modules.
2.1. Resolutions of smooth representations. We introduce the class of flawless
smooth representations. In a previous article of the author (see [Geh18]) these
representations were called homologically of finite type. The cohomology of such
representations (or rather their algebraic duals) is particularly well-behaved (see
Proposition 3.2).
Definition 2.1. Let R be a ring. An object M ∈ ob(CsmR (Gp)) is called flawless if
• M is projective as an R-module and
• there exists a finite length exact resolution
0 −→ Pm −→ · · · −→ P0 −→M −→ 0
in CsmR (Gp), where each Pi is a finite direct sum of modules of the form
c-ind
Gp
Kp
L
with Kp ⊆ Gp a compact, open subgroup and L ∈ ob(CsmR (Kp)) finitely
generated projective over R.
Remark 2.2. (i) Suppose R = Ω is a field of characteristic 0. Then the represen-
tations Pi in the definition above are finitely generated projective objects in
CsmΩ (Gp).
(ii) If M ∈ ob(CsmR (Gp)) is flawless and S is an R-algebra, then M ⊗R S ∈
ob(CsmS (Gp)) is flawless.
In the classical smooth representation theory of p-adic groups the property of
being flawless is ubiquitous as the following theorem of Schneider and Stuhler
(cf. [SS97]) shows.
Theorem 2.3 (Schneider-Stuhler). Let Ω be a field of characteristic 0 and V ∈
ob(CsmΩ (Gp)) an admissible smooth Gp-representation of finite length. Then V is
flawless.
2.2. Generalized Steinberg representations. Let us fix a Borel subgroup B of
the base change GFp of G to Fp and let ∆ be the associated root basis. For any
subset I ⊆ ∆ let B ⊆ PI ⊆ GFp be the associated standard parabolic subgroup. For
a ring R let i∞I (R) = C
∞(PI\Gp, R) be the smooth Gp-representation of locally
constant R-valued functions on the quotient PI\Gp. The generalized (smooth)
Steinberg representation associated to I ⊆ ∆ is given by the quotient
v∞I (R) = i
∞
I (R)/
∑
I⊂J⊂∆,I 6=J
i∞J (R).
If I = {i} consists of a single element, we put v∞i (R) = v
∞
{i}(R). In the case I = ∅
the representation St∞Gp(R) = v
∞
∅ (R) is the usual R-valued Steinberg representa-
tion of Gp. If R = Ω is a field of characteristic zero, the generalized Steinberg
representations v∞I (Ω) are known to be pairwise non-isomorphic, irreducible repre-
sentations. The constituents of the Jordan-Ho¨lder series of i∞I (Ω) are exactly those
v∞I′ (Ω) with I ⊆ I
′, each occurring with multiplicity one.
Theorem 2.4 (Borel-Serre). The integral Steinberg representation St∞Gp(Z) is flaw-
less. More precisely, there exists a finite length exact resolution of smooth Gp-
modules
0 −→ Pd −→ · · · −→ P0 −→ St
∞
Gp(Z) −→ 0
with the following properties:
AUTOMORPHIC L-INVARIANTS 7
(a) For i ≥ 1 the representation Pi is isomorphic to a finite direct sum of repre-
sentations of the form
c-ind
Gp
Kp
Z(χ)
with Kp ⊆ Gp compact open subgroups such that
• Kp contains as a normal subgroup a parahoric subgroup that is not an
Iwahori subgroup and
• χ : Kp → {±1} is a character of K that is trivial on said parahoric sub-
group
(b) The representation P0 is isomorphic to
c-ind
Gp
Kp
Z(χ)
with Kp ⊆ Gp compact open subgroup such that
• Kp contains as a normal subgroup an Iwahori subgroup and
• χ : Kp → {±1} is a character of Kp that is trivial on said Iwahori subgroup
Proof. By Theorem 5.6 of [BS76] the cohomology of the Bruhat-Tits building as-
sociated to Gp vanishes outside the top degree and the top degree cohomology is
isomorphic to the integral Steinberg representation. Writing down the simplicial
complex gives the sought-after resolution.
For (b): Note that all Iwahori subgroups are in fact conjugated. 
Theorem 2.5 (Schneider-Stuhler). Suppose that every simple factor of the split
semi-simple group GFp is of type An. Then v
∞
I (Z) is flawless for all I ⊆ ∆.
Proof. This is Theorem 8 of [SS91]. 
Remark 2.6.(1) In general, it is known that vI(Z) is Z-free (cf. [GK14]) and
finitely generated over Z[Gp]. More precisely, vI(Z) is a cyclic Z[Gp]-
module (see [AA10], Theorem 3.4)
(2) Similarly as in the smooth case, one could define flawlessness for locally
algebraic representations with coefficients in a finite extension of Fp or
Op. In order to generalize the constructions of this paper to automorphic
representations, which are cohomological with respect to an arbitrary coeffi-
cient system, one needs the existence of flawless integral lattices in twists of
the Steinberg representation by irreducible algebraic representations. This
seems to be a hard problem in general. In case G = PGL2 the existence of
such flawless lattices in the relevant cases is known by a result of Vigne´ras
(see [Vig08], Proposition 0.9).
2.3. Smooth extensions of generalized Steinberg representations. We re-
call the theorem of Dat and Orlik about extensions of smooth generalized Stein-
berg representations and deduce a simple but crucial corollary. For this section
we fix a field Ω of characteristic 0 and often abbreviate v∞I = v
∞
I (Ω) respectively
St∞Gp = St
∞
Gp(Ω). The category C
sm
Ω (Gp) has enough injective and projective ob-
jects. For V,W ∈ ob(CsmΩ (Gp)) we abbreviate
Extism(V,W ) = Ext
i
CsmΩ (Gp)
(V,W ).
Theorem 2.7 (Dat, Orlik). Given two subsets I, J ⊆ ∆ we put δ(I, J) = |I ∪J | −
|I ∩ J |.
(i) For I, J ⊆ ∆ we have
Extism(v
∞
I (Ω), v
∞
J (Ω))
∼=
{
Ω if i = δ(I, J)
0 else.
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(ii) Let I, J,K ⊆ ∆ be three subsets with δ(I, J) + δ(J,K) = δ(I,K). Then, the
cup product map
Extδ(I,J)sm (v
∞
I , v
∞
J )⊗ Ext
δ(J,K)
sm (v
∞
J , v
∞
K )
∪
−→ Extδ(I,K)sm (v
∞
I , v
∞
K )
is an isomorphism.
Proof. The first claim was proven by Dat (cf. Theorem 1.3 of [Dat06]) and inde-
pendently by Orlik (cf. Theorem 1 of [Orl05]). The second claim was proven by
Dat (see loc.cit.). 
Remark 2.8. The first claim holds for a general (not necessarily split) semi-simple
group (see [Orl05]). It is likely that one can refine the arguments in loc.cit. to
prove the second claim in this generality. But note that the split case is the most
interesting one for our purposes. On the contrary if Gp is compact, e.g. the group
of reduced norm one elements of the non-split quaternion algebra over Fp, then the
only generalized Steinberg representation is the trivial one and the category CsmΩ (Gp)
is semi-simple. Thus, there are no interesting smooth extension classes.
Definition 2.9. Let I, J ⊆ ∆ be two subsets with δ(I, J) = 1. We define E∞I,J(Ω) to
be the unique (up to isomorphism) smooth, non-split extension of v∞I (Ω) by v
∞
J (Ω).
Corollary 2.10. For all subsets J ⊆ I ⊆ ∆ with |I| = |J |+ 1 we have:
Extdsm(E
∞
I,J(Ω), St
∞
Gp(Ω)) = 0 ∀d ≥ 0.
Proof. By definition we have a short exact sequence of the form
0 −→ v∞J −→ E
∞
I,J(Ω) −→ v
∞
I −→ 0.
Most of the terms of the long exact sequence induced by taking Hom(·, St∞Gp) vanish
by Theorem 2.7 (i). The remaining terms are
0 −→ Ext|J|sm(E
∞
I,J(Ω), St
∞
Gp) −→ Ext
|J|
sm(v
∞
J , St
∞
Gp)
∂
−→ Ext|I|sm(v
∞
I , St
∞
Gp) −→ 0.
The claim follows since the connecting morphism ∂ is an isomorphism by Theorem
2.7 (ii). 
2.4. Locally analytic extensions. We compute spaces of extensions of general-
ized Steinberg representations and their locally analytic counterparts. This slightly
generalizes results of Ding (see [Din19], Section 2.2).
We fix a finite extension Ω of Qp. Let D(Gp) = D(Gp,Ω) be the algebra of
Ω-valued distributions in the sense of Schneider and Teitelbaum (cf. [ST02]) and
M(Gp) the category of abstractD(Gp)-modules. If V is an (Qp−)analytic represen-
tations with coefficients in Ω, its continuous dual V ∨ is naturally a D(Gp)-module.
Given two locally analytic representation V and W we put
Extian(V,W ) = Ext
i
M(Gp)(W
∨, V ∨).
If V and W are admissible, then Ext1an(V,W ) is isomorphic to the group of locally
analytic extensions of V by W (see [Bre19], Lemma 2.1.1).
Let J ⊆ ∆ be a subset and τ a locally analytic representation of PJ . The locally
analytic induction of τ to Gp is the space of functions
IanPJ (τ) = {f : Gp → τ locally analytic | f(pg) = p.f(g) ∀p ∈ PI , g ∈ Gp} .
The generalized locally analytic Steinberg with respect to I is the quotient
VanI (Ω) = I
an
PI (Ω)/
∑
I⊂J⊂∆,I 6=J
IanPJ (Ω).
As before, we put StanGp(Ω) = V
an
∅ (Ω) and often drop the field of coefficients Ω from
the notation.
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Let J ⊆ I ⊆ ∆ be subsets such that |I| = |J |+1 and let λ ∈ Homct(PJ ,Ω) be a
continuous homomorphism. It must be trivial on the unipotent radical of PJ and
thus can be viewed as a character of its Levi subgroup. Since the Levi subgroup
is isogenous to its centre ZJ times a semi-simple group, we see that the restriction
map
Homct(PJ ,Ω) −→ Homct(ZJ ,Ω)
is an isomorphism. Further, every such character is already locally analytic. Let
τλ be the two-dimensional representation of PJ given by
τλ(p) =
(
1 λ(p)
0 1
)
.
By definition we have an exact sequence of the form
0 −→ IanPJ (Ω) −→ I
an
PJ (τλ) −→ I
an
PJ (Ω) −→ 0.
Pushforward along IanPJ (Ω)→ V
an
J and pullback via i
∞
I (Ω)→ I
an
PJ
(Ω) therefore gives
a class EanI,J(λ) ∈ Ext
1
an(i
∞
I (Ω),V
an
J ). By an easy calculation we see that the map
Homct(PJ ,Ω) −→ Ext
1
an(i
∞
I (Ω),V
an
J ), λ 7−→ E
an
I,J(λ)
defines an homomorphism.
The inclusion PJ →֒ PI induces an injection
Homct(PI ,Ω) −→ Homct(PJ ,Ω).
Lemma 2.11. The extension EanI,J(λ) is split for all λ ∈ Homct(PI ,Ω).
Proof. Let λ be an element of Homct(PI ,Ω). Then τλ can be extended to a repre-
sentation of PI . The pullback of the exact sequence
0 −→ IanPI (Ω) −→ I
an
PI (τλ) −→ I
an
PI (Ω) −→ 0
along the inclusion i∞I (Ω)→ I
an
PI
(Ω) gives a class E˜(λ) ∈ Ext1an(i
∞
I (Ω), I
an
PI
(Ω)). By
construction E˜(λ) is mapped to EanI,J(λ) under the composition I
an
PI
(Ω)→ IanPJ (Ω)→
VanJ , which is the zero map by definition. 
Let i be the unique root in I which is not contained in J . Then, pullback via i
defines an injection
Homct(F
∗
p ,Ω) −→ Homct(ZJ ,Ω)
∼= Homct(PJ ,Ω), ψ 7−→ ψ ◦ i.
Its image is a complement to Homct(PI ,Ω).
Proposition 2.12. The homomorphism
Homct(F
∗
p ,Ω) −→ Ext
1
an(i
∞
I (Ω),V
an
J ), λ 7−→ E
an
I,J(λ ◦ i)
is an isomorphism.
Proof. By the discussion preceding the proposition it is enough to show that the
map
Homct(PJ ,Ω)/Homct(PI ,Ω) −→ Ext
1
an(i
∞
I (Ω),V
an
J )
is an isomorphism. The case G = PGLn and J = ∅ is the content of [Din19],
Corollary 2.15. The proof works verbatim in our more general setup. 
The following theorem was proven by Ding in the case G = PGLn and J = ∅ by
computing dimensions on both sides (see [Din19], Theorem 2.17). Our approach
is slightly different. We show explicitly that the extensions EanI,J(λ) descend to
Ext1an(v
∞
I ,V
an
J ).
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Theorem 2.13. Let J ⊆ I ⊆ ∆ be subsets with |I| = |J |+ 1. The natural map
Ext1an(v
∞
I ,V
an
J ) −→ Ext
1
an(i
∞
I (Ω),V
an
J )
is an isomorphism. In particular, there is a canonical isomorphism
Homct(F
∗
p ,Ω) −→ Ext
1
an(v
∞
I ,V
an
J ).
Proof. First let us show that the map is injective. Let w∞I be the kernel of the map
i∞I (Ω) → v
∞
I . Considering the long exact sequence of Ext-groups it is enough to
show that
HomGp(w
∞
I ,V
an
J ) = 0.
But this is a direct consequence of the calculation of Jordan-Ho¨lder factors of gener-
alized locally analytic Steinberg representations (see the main theorem of [OS14]).
In order to show surjectivity let us first note that by a similar argument the
natural map
Ext1an(w
∞
I ,V
an
J ) −→
⊕
k∈∆\I
Ext1an(i
∞
I∪{k}(Ω),V
an
J )
is injective. Therefore, by Proposition 2.12 it is enough to show the following: Let
λ be an element of Homct(PJ ,Ω). Then the pullback of the extension EanI,J(λ) along
the inclusion i∞I∪{k}(Ω) →֒ i
∞
I (Ω) is trivial for all k ∈ ∆ \ I.
Given k ∈ ∆ \ I there exists a homomorphism λk ∈ Homct(PJ∪{k},Ω) such
that its image in Homct(PJ ,Ω)/Homct(PI ,Ω) agrees with λ. By Lemma 2.11 the
extensions EanI,J(λ) and E
an
I,J(λk) agree. The pullback of E
an
I,J(λk) along the inclusion
i∞I∪{k}(Ω) →֒ i
∞
I (Ω) is equal to to the pullback of E
an
J∪{k},J(λk) along the inclusion
i∞I∪{k}(Ω) →֒ i
∞
J∪{k}(Ω). Since the extension E
an
J∪{k},J(λk) is split by Lemma 2.11,
the claim follows. 
Remark 2.14. (i) Let λ ∈ Homct(F ∗p ,Ω) be a smooth character. It is easy to see
that the class EanI,J(λ) is in the image of the natural injection
Ext1∞(v
∞
I , v
∞
J )→ Ext
1
an(v
∞
I ,V
an
J ).
Therefore, if λ is non-zero, then EanI,J(λ) is a non-zero multiple of E
∞
I,J .
(ii) The calculations are valid for arbitrary split reductive groups, i.e. we do not
have to assume semi-simplicity. As in [Din19], one could also allow twists by
a fixed irreducible, algebraic representation.
2.5. Extensions of Banach representations. In this section we give analogues
of the results of the previous section in the realm of Banach representations. In
contrast to the locally analytic setting it is crucial that we work with trivial coeffi-
cients.
As before let Ω be a finite extension of Qp. We denote by UΩ(Gp) the abelian cat-
egory of admissible Ω-Banach space representation of Gp. For V and W admissible
Banach representations we put
Extict(V,W ) = Ext
i
UΩ(Gp)(V,W ).
Given a subset I ⊆ ∆ and an admissible Banach space representation τ of PI
we define its continuous induction to Gp as the space of functions
IctPI (τ) = {f : Gp → τ continuous | f(pg) = p.f(g) ∀p ∈ PI , g ∈ Gp} .
This is an admissible Banach space representation of Gp. We define the generalized
continuous Steinberg representations with respect to I via
VctI (Ω) = I
ct
PI (Ω)/
∑
I⊂J⊂∆,I 6=J
IctPJ (Ω)
and put StctGp(Ω) = V
ct
∅ (Ω). As before, we often drop Ω from the notation.
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As before, let us fix subsets J ⊆ I ⊆ ∆ with |I| = |J | + 1. A homomorphism
λ ∈ Homct(PJ ,Ω) induces an exact sequence
0 −→ IctPJ (Ω) −→ I
ct
PJ (τλ) −→ I
ct
PJ (Ω) −→ 0.
Pushforward via IctPJ (Ω)→ V
ct
J and pullback via I
ct
PI
(Ω)→ IctPJ (Ω) gives a class
EctI,J(λ) ∈ Ext
1
ct(I
ct
PI (Ω),V
ct
J ).
Proposition 2.15. Let J ⊆ I ⊆ ∆ be subsets with |I| = |J |+ 1.
(i) The extension EanI,J(λ) is split for all λ ∈ Homct(PI ,Ω).
(ii) For every λ ∈ Homct(PJ ,Ω) the extension EanI,J(λ) lies in the image of the
canonical injective map
Ext1ct(V
ct
I ,V
ct
J ) −→ Ext
1
ct(I
ct
PI (Ω),V
ct
J ).
(iii) Let i ∈ I be the unique root which is not contained in J . The map
Homct(F
∗
p ,Ω) −→ Ext
1
ct(V
ct
I ,V
ct
J ), λ 7−→ E
ct
I,J(λ ◦ i)(2.1)
is an isomorphism.
Proof. The first claim can be proven exactly as Lemma 2.11.
Let WctI be the kernel of the map I
ct
I (Ω)→ V
ct
I and let w
∞
I be the kernel of the
map i∞I (Ω)→ v
∞
I . The subspace w
∞
I ⊆W
ct
I is dense and, thus, we see that
HomUΩ(Gp)(W
ct
I ,V
ct
J ) ⊆ HomGp(w
∞
I ,V
ct
J ) = HomGp(w
∞
I ,V
an
J ) = 0
as in the proof of Theorem 2.13. Hence, by the long exact sequence of Ext-groups
the map
Ext1ct(V
ct
I ,V
ct
J ) −→ Ext
1
ct(I
ct
PI (Ω),V
ct
J )
is injective.
Given an element λ ∈ Homct(PI ,Ω) we have to show that the pullback of the
exact sequence
0 −→ VctJ −→ E
ct
I,J(λ) −→ I
ct
PI (Ω) −→ 0
along the inclusion WctI →֒ I
ct
I is split. Since w
∞
I ⊆ W
ct
I is dense, it is in fact
enough to prove that the pullback to w∞I is split. But this follows from the proof
of Theorem 2.13.
Passing to locally analytic vectors is an exact functor on the category of admis-
sible Banach representations by Theorem 7.1 of [ST03]. Thus, we get a map
Ext1ct(V
ct
I ,V
ct
J ) −→ Ext
1
an(V
an
I ,V
an
J ),
which by the density of locally analytic vectors is injective. In fact, since v∞I ⊆ V
ct
I
is a dense subrepresentation we see that even the composition
Ext1ct(V
ct
I ,V
ct
J ) −→ Ext
1
an(V
an
I ,V
an
J ) −→ Ext
1
an(v
∞
I ,V
an
J )
is injective. By definition it maps the extension EctI,J(λ) to its locally analytic
counterpart EanI,J(λ). Therefore, the last claim follows from Theorem 2.13. 
Extensions coming from different simple roots are in a sense independent. To
be more precise: let us fix another subset of simple roots J ⊆ K ⊆ ∆ such that
|K| = |J | + 1 and K 6= I. We denote by k ∈ K the unique simple root not con-
tained in J . The following lemma follows from a lengthy but rather straightforward
computation.
Lemma 2.16. For every two homomorphisms λi, λk ∈ Homct(F ∗p ,Ω) the equality
EctI∪K,I(λk ◦ k) ∪ E
ct
I,J(λi ◦ i) = E
ct
I∪K,K(λi ◦ i) ∪ E
ct
K,J(λk ◦ k)
holds in Ext2ct(V
ct
I∪K ,V
ct
J ).
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2.6. Integral and mod p extensions. Let R be the ring of integers of the fixed
finite extension Ω of Qp and let ̟ ∈ R be a uniformizer. For a subset I ⊆ ∆ we
define VctI (R) as the completion of v
∞
I (R). Then, the R[Gp]-module V
ct
I (R) defines
a lattice inside the Banach representation VctI (Ω). Localizing at p yields a map
loc : Ext1ct(V
ct
I (R),V
ct
J (R)) −→ Ext
1
ct(V
ct
I (Ω),V
ct
J (Ω)),
where on the left we consider those extension of VctI (R) by V
ct
J (R) on which Gp
acts continuously.
Lemma 2.17. Let J ⊆ I ⊆ ∆ be subsets with |I| = |J |+ 1 There exists an integer
k ∈ Z such that the map
Homct(F
∗
p , ̟
kR)
(2.1)
−−−→ Ext1ct(V
ct
I (Ω),V
ct
J (Ω))
canonically factors over the map loc.
Proof. Let IctPI (R) be the completion of i
∞
I (R). Similar as before, we can define an
extension
0 −→ VctJ (R) −→ E
ct
I,J(λ) −→ I
ct
PI (R) −→ 0
for every homomorphism λ ∈ Homct(F
∗
p , R). Let W
ct
I (R) be the kernel of the
homomorphism IctPI (R)→ V
ct
PI
(R). Ideally, we would like to show that the pullback
of the extension along the inclusionWctI (R) →֒ I
ct
PI
(R) is split. By Proposition 2.15
the pullback is split after inverting p. Also, the R[Gp]-module WctI (R) has a dense
and finitely generated R[Gp]-submodule. Hence, at least we see that the extension
is split after restricting to ̟kWctI (R) for some k ∈ Z. Since Homct(F
∗
p , R) is a
finitely generated R-module, we can choose a fixed integer k independent of the
homomorphism λ ∈ Homct(F ∗p , R). 
We are now able to construct extensions of mod p generalized Steinberg repre-
sentations. Namely, we can reduce the resulting map
Homct(F
∗
p , ̟
kR) −→ Ext1ct(V
ct
I (R),V
ct
J (R))
from the lemma above modulo ̟r for r ≥ 0 to obtain a map
Homct(F
∗
p , ̟
kR/̟k+rR) −→ Ext1Csm
R/̟rR
(Gp)(v
∞
I (R/̟
rR), v∞J (R/̟
rR)).
3. Automorphic L-invariants
3.1. Cohomology of p-arithmetic groups. Throughout this section we fix a
ring R. Given a compact, open subgroup Kp ⊆ G(Ap,∞), a smooth Gp-module
M ∈ ob(CsmR (Gp)) and an R[G(F )]-module N we define AR(K
p,M ;N) as the space
of all R-linear maps Φ: G(Ap,∞)/Kp ×M → N . The R-module AR(Kp,M ;N)
carries a natural G(F )-action given by
(γ.Φ)(g,m) = γ.(Φ(γ−1g, γ−1.m)).
Example 3.1. If M is of the form c-ind
Gp
Kp
R for some compact, open subgroup
Kp ⊆ Gp, we put
A(Kp ×Kp;N) = AR(K
p,M ;N).
There is a canonical isomorphism
A(Kp ×Kp;N)
∼=−→ C(G(A∞)/(Kp ×Kp), N)
Proposition 3.2. Let Kp ⊆ G(Ap,∞) be a compact, open subgroup and M ∈
ob(CsmR (Gp)) a flawless R[Gp]-module. Furthermore, let ǫ : π0(G∞) → {±1} be a
character.
AUTOMORPHIC L-INVARIANTS 13
(a) The R-module Hd(G(F ),AR(Kp,M ;R(ǫ))) is finitely generated for all d if R
is Noetherian.
(b) If N is a flat R-module (endowed with the trivial G(F)-action), then the canon-
ical map
Hd(G(F ),AR(K
p,M ;R(ǫ)))⊗R N −→ H
d(G(F ),AR(K
p,M ;N(ǫ)))
is an isomorphism for all d ∈ Z.
(c) If R = Ω is a field of characteristic 0, then
Hd(G(F ),AΩ(K
p,M ; Ω(ǫ))) = 0
for all d≫ 0.
Proof. It is enough to consider the case that
M = c-ind
Gp
Kp
L,
where Kp ⊆ Gp is a compact, open subgroup and L ∈ ob(CsmR (Kp)) finitely gener-
ated projective over R. In this case we have a canonical isomorphism
AR(K
p,M ;R(ǫ))
∼=
−→ Coind
G(A∞)
Kp×Kp
HomR(L,R(ǫ)).
By Borel’s theorem on the finiteness of class numbers of algebraic groups over
number fields (see Theorem 5.1 of [Bor63]) the double quotient G(F )\G(A∞)/Kp×
Kp is finite. We fix a system of representatives g1, . . . , gn and put Γgi = G(F ) ∩
gi(K ×Kp)g
−1
i . Then, Shapiros’s Lemma implies that there is an isomorphism
Hd(G(F ),Coind
G(A∞)
Kp×Kp
HomR(L,R(ǫ)))
∼=
−→
n⊕
i=1
Hd(Γgi ,HomR(L,R(ǫ))).
Now all claims follow since arithmetic groups are of type (VFL). 
Remark 3.3. The group π0(G∞) is a finite, abelian, 2-torsion group.
Corollary 3.4. Let (R,m) be a complete DVR with finite residue field. Under the
same hypothesis as in the proposition above the canonical map
Hd(G(F ),AR(K
p,M ;R(ǫ))) −→ lim
←−
r
Hd(G(F ),AR(K
p,M ;R/mr(ǫ)))
is an isomorphism for all d.
Proof. It suffices to proof that the projective system (Hd(AR(Kp,M ;R/mr(ǫ))))r
fulfils the Mittag-Leffler condition. But this is true by Proposition 3.2 (a). 
For a compact, open subset Kp ×Kp ⊆ G(A∞) we define
Hd(XKp×Kp , R)
ǫ = Hd(G(F ),A(Kp ×Kp;R(ǫ))).
Note that, ı´f R is a field of characteristic zero or Kp × Kp is neat, this group is
naturally isomorphic to (the epsilon component) of the singular cohomology with
coefficients in R of the locally symmetric space of level Kp ×Kp associated to G.
Let us put
A˜(Kp;R(ǫ)) = lim
−→
Kp
A(Kp ×Kp;R(ǫ)),
where the injective limit runs over all compact, open subgroups Kp ⊆ Gp. Right
translation defines a Gp-action on A˜(K;R(ǫ)), which commutes with the G(F )-
action.
Utilizing that p-arithmetic groups are of type (V FL) similar arguments as in the
proof of Proposition 3.2 show that the canonical map
lim
−→
Kp
Hd(XKp×Kp , R)
ǫ ∼=−→ Hd(G(F ), A˜(K;R(ǫ)))(3.1)
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is an isomorphism of smooth Gp-modules.
Lemma 3.5. Let M ∈ CsmΩ (Gp) be a smooth R[Gp]-module.
(a) There is a natural isomorphism
H0(G(F ),AR(K
p,M ;R(ǫ))) ∼= HomR[Gp](M, lim−→
Kp
H0(XKp×Kp , R)
ǫ),
where the injective limit runs over all compact, open subgroups Kp ⊆ Gp.
(b) Suppose that Ω is a field of characteristic 0 and P ∈ CsmΩ (Gp) is a projective
smooth representation. Then there are natural isomorphisms
Hd(G(F ),AΩ(K
p, P ; Ω(ǫ))) ∼= HomΩ[Gp](P, lim−→
Kp
Hd(XKp×Kp , R)
ǫ)
for all i.
Proof. There is a canonical G(F )×Gp-equivariant isomorphism
A˜(K;R(ǫ)) ∼= Coind
Gp
1 AR(K,R;R(ǫ)).
Therefore, by Frobenius reciprocity we have an isomorphism
HomR[Gp](M, A˜(K;R(ǫ)))
∼= HomR(M,AR(K,R;R(ǫ)))
∼= AR(K,M ;R(ǫ)).
This in turn implies that
HomR[Gp](M,H
0(G(F ), A˜(K;R(ǫ)))) ∼= HomR[Gp](M,HomR[G(F )](R, A˜(K;R(ǫ))))
∼= HomR[G(F )](R,HomR[Gp](M, A˜(K;R(ǫ))))
∼= HomR[G(F )](R,AΩ(K,M ;R(ǫ)))
and, thus, by (3.1) the first claim follows. The second claim is an immediate
consequence of the first one. 
3.2. The π-isotypical component. We determine the π-isotypical component of
various cohomology groups.
Since v∞I (R) = v
∞
I (Z) ⊗R for all rings R, we have a canonical isomorphism
AZ(K
p, v∞I (Z);N) ∼= AR(K
p, v∞I (R);N)
for any R-module N . Hence, we abbreviate this space by A(Kp, v∞I ;N) (and
similarly for St∞Gp in place of v
∞
I ).
We fix a field extension Ω of Qπ and a compact, open subgroup Kp ⊆ G(Ap,∞)
such that (πp,∞)K
p
6= 0. Let
T = T(Kp)Ω = Cc(K
p\G(Ap,∞)/Kp,Ω)
be the Ω-valued Hecke algebra of level Kp away from p. By abuse of notation we
denote the model π∞ over Ω also by π∞. If V is a T(Kp)Ω-module, we put
V [π] = HomT((π
p,∞)K
p
, V ).
Let Ip ⊆ Gp be an Iwahori subgroup. Evaluation at an Iwahori fixed vector
yields a Hecke-equivariant map
ev(d) : Hd(G(F ),A(Kp, St∞Gp ; Ω(ǫ))) −→ H
d(XKp×Ip ,Ω)
ǫ.(3.2)
Proposition 3.6. The following holds:
(a) For every character ǫ : π0(G∞)→ {±1} we have
dimΩH
d(XKp×Ip ,Ω)
ǫ[π] = mπ ·
(
δ
d− q
)
.
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(b) The map ev(d) induces an isomorphism
Hd(G(F ),A(Kp, St∞Gp ; Ω(ǫ)))[π]
ev(d)
−−−→ Hi(XKp×Ip ,Ω)
ǫ[π]
for all d.
(c) For every character ǫ : π0(G∞)→ {±1} we have
dimΩH
d(G(F ),A(Kp, St∞Gp ; Ω(ǫ)))[π] = mπ ·
(
δ
d− q
)
.
Proof. The last claim is a direct consequence of the first two. It is enough to proof
the first claim in the case Ω = C by Proposition 3.2 (b). But, in that case the claim
follows from the computation of (G,K◦∞)-cohomology of tempered representations
(see Theorem III.5.1 of [BW00] and also 5.5 of [Bor81] for the non-compact case)
and our strong multiplicity one hypothesis on π.
If Kp ⊆ Gp is a parahoric subgroup which is not Iwahori, the strong multiplicity
one hypothesis implies that
Hd(XKp×Kp ,Ω)
ǫ[π] = 0
for all i. Thus, the second assertion can be deduced from the resolution of the
Steinberg representation given in Theorem 2.4. 
Let J ⊆ I ⊆ ∆ be two subset with |I| = |J | + 1. The non-split short exact
sequence
0 −→ v∞J (Q) −→ E
∞
I,J(Q) −→ v
∞
I (Q) −→ 0
induces a short exact sequence
0→ A(Kp, v∞I ; Ω(ǫ))→ AQ(K, E
∞
I,J(Q); Ω(ǫ))→ A(K
p, v∞J ; Ω(ǫ))→ 0.
The induced boundary map in cohomology is Hecke-equivariant and, therefore,
yields a map
c
(d)
I,J [π]
ǫ : Hd(G(F ),A(Kp, v∞J ; Ω(ǫ)))[π]→ H
d+1(G(F ),A(Kp, v∞I ; Ω(ǫ)))[π].
(Note that the map is only well-defined up to a non-zero rational scalar.)
Lemma 3.7. Let V ∈ CsmΩ (Gp) be an admissible smooth representation of finite
length such that
Extism(V, St
∞
Gp(Ω)) = 0 ∀d.
Then:
Hd(G(F ),A(Kp, V ; Ω(ǫ)))[π] = 0 ∀d.
Proof. By Theorem 2.3 the representation V is flawless. We fix a resolution
0 −→ Pm −→ · · · −→ P0 −→ V −→ 0.
The spectral sequence for double complexes gives a spectral sequence starting at
Ei,j1 = H
j(G(F ),A(Kp, P−i; Ω(ǫ)))
and converging to
Ed∞ = H
d(G(F ),A(Kp, V ; Ω(ǫ))).
Since the cuspidal part of cohomology of arithmetic groups is semi-simple we may
pass to [π]-isotypical components. We want to show that already on the second
sheet of the spectral sequence all terms vanish.
By Lemma 3.5 we have natural isomorphisms
Hj(G(F ),A(Kp, P ; Ω(ǫ)))[π] ∼= HomGp(P, lim−→
Kp
Hj(XKp×Kp ,Ω)
ǫ)[π]).
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for any projective smooth representation P ∈ CsmΩ (Gp). By our strong multiplicity
one hypothesis we know that
Hj(XKp×Kp ,Ω)
ǫ)[π] ∼= St∞Gp(Ω)
( δj−q)
and therefore, we have natural isomorphisms
Hj(G(F ),A(Kp, P ; Ω(ǫ)))[π] ∼= HomGp(P, St
∞
Gp(Ω))
( δj−q).
Since the representations Pj are projective objects in C
sm
Ω (Gp) we see that
Ei,j2 [π]
∼= Exti(V, St∞Gp(Ω))
( δj−q) = 0
holds by our assumption on V . 
As a corollary of the lemma above and Corollary 2.10 we get:
Corollary 3.8. The map c
(d)
I,J [π]
ǫ is an isomorphism for all subsets J ⊆ I ⊆ ∆
with |I| = |J |+ 1 and every character ǫ : π0(G∞)→ {±1}.
This together with Proposition 3.6 (c) implies:
Proposition 3.9. For every character ǫ : π0(G∞)→ {±1} and every subset I ⊆ ∆
we have
dimΩH
d+|I|(G(F ),A(Kp, v∞I ; Ω(ǫ)))[π] = mπ ·
(
δ
d− q
)
.
Remark 3.10.(1) The higher smooth Ext-groups of the Steinberg representation
with itself vanish by the theorem of Dat and Orlik. Hence, a spectral se-
quence argument similar to the one above yields an alternative proof of
Proposition 3.6 (b).
(2) All arguments of this and the previous section carry over to cohomology
with values in an arbitrary finite-dimensional algebraic coefficient system.
(3) Corollary 3.8 was proven in the case G = PGL2 by Spieß using an ex-
plicit resolution of the representation E∞I,J(Q) (see [Spi14], Lemma 6.2).
In [AdS03] Alon and de Shalit prove a version of the above corollary for
the cohomology of cocompact, discrete subgroups of PGLd(Fp). See also
the article [GK11] of Große-Klo¨nne for the case of non-trivial coefficient
systems.
3.3. Automorphic L-invariants. Let Ω be a finite extension of Qp, which con-
tains Qπ, with ring of integers R. If V is an Ω-Banach representation of Gp, we
write V ∗ = Homct(V,Ω) for its continuous dual. Further, we write ActΩ (K
p, V ; Ω(ǫ))
for the Ω[G(F )]-module of functions from G(Ap,∞)/Kp to V ∗(ǫ). We regularly drop
the subscript Ω, when it is clear from the context.
Every element in Hom(StGp(Z), R) can be uniquely extended to a continuous
functional on StanGp(Ω). Thus, we get a map
A(Kp, St∞Gp(Z);R(ǫ)) −→ A
ct(Kp, StctGp ; Ω(ǫ)).(3.3)
By Proposition 3.2 (b) the canonical map
Hd(G(F ),A(Kp, St∞Gp ;R(ǫ)))⊗R Ω
∼=
−→ Hd(G(F ),A(Kp, StGp ; Ω(ǫ)))
is an isomorphism. Thus, (3.3) induces an isomorphism
Hd(G(F ),A(Kp, St∞Gp ; Ω(ǫ))) −→ H
d(G(F ),Act(K, StctGp ; Ω(ǫ)))
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of cohomology groups. Therefore, for every i ∈ ∆ we get a well-defined cup-product
pairing
Hd(G(F ),A(Kp, St∞Gp ; Ω(ǫ)))× Ext
1
an(v
∞
i , St
an
Gp)
−→Hd+1(G(F ),A(Kp, v∞i ; Ω(ǫ)))
which commutes with the Hecke-action. By Theorem 2.13 we have a canonical
isomorphism Homct(F
∗
p ,Ω)
∼= Ext1an(v
∞
i , St
an
Gp). Hence, taking cup product with
the extension Eani,∅(λ ◦ i) associated to a homomorphism λ ∈ Homct(F
∗
p ,Ω) yields a
map
c
(d)
i (λ)[π]
ǫ : Hd(G(F ),A(Kp, St∞Gp ; Ω(ǫ)))[π] −→ H
d+1(G(F ),A(Kp, v∞i ; Ω(ǫ)))[π]
on π-isotypical parts.
Definition 3.11. Given a character ǫ : π0(G∞) → {±1}, an integer d ∈ Z with
0 ≤ d ≤ δ and a root i ∈ ∆ we define
L
(d)
i (π, p)
ǫ ⊆ Homct(F
∗
p ,Ω)
as the kernel of the map λ 7→ c
(d+q)
i (λ)[π]
ǫ.
Remark 3.12. Suppose that v∞i (R) is flawless. With similar arguments as above,
we would have a canonical isomorphism
Hd(G(F ),A(Kp, v∞i ; Ω(ǫ))) −→ H
d(G(F ),ActΩ (K,V
ct
i ; Ω(ǫ)))
of cohomology groups. In this case, L-invariants defined by taking the cup product
with the continuous extensions classes Ecti,∅(λ◦i) would yield the same result as their
locally analytic counterparts.
Proposition 3.13. For all sign characters ǫ, every degree d ∈ [0, δ] ∩ Z and every
root i ∈ ∆ the L-invariant
L
(d)
i (π, p)
ǫ ⊆ Homct(F
∗
p ,Ω)
is a subspace of codimension at least one, which does not contain the space of smooth
extensions.
Suppose mπ = 1. Then, in the cases d = 0 and d = δ the codimension is exactly
one.
Proof. The first assertion follows directly from Lemma 3.8. In the case i = 0 or
d = δ the cohomology groups in question are one-dimensional by Proposition 3.9
and therefore, the second assertion follows. 
Conjecture A. Let i ∈ ∆ be a root.
(i) L
(d)
i (π, p)
ǫ ⊆ Homct(F ∗p ,Ω) has codimension one for all 0 ≤ d ≤ δ and each
sign character ǫ.
(ii) L
(d)
i (π, p)
ǫ does not depend on the degree d ∈ [0, δ] ∩ Z.
(iii) L
(d)
i (π, p)
ǫ does not depend on the sign character ǫ.
Remark 3.14. Let us recall the status of these conjectures for the group G =
PGL2. In the case F = Q it was shown by Bertolini, Darmon and Iovita (see The-
orem 6.8 of [BDI10]) and independently by Breuil (see Corollary 5.1.3 of [Bre10])
that the L-invariant does not depend on the sign character ǫ. For arbitrary number
fields only partial results are known (see Theorem A of [Geh19b]).
In [Geh19a] it shown that Venkatesh’s conjecture (cf. [Ven16]) on the action of
the derived Hecke algebra on cohomology implies that automorphic L-invariants do
not depend on the cohomological degree d. This result is extended to more general
groups in Section 4.
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3.4. Invariance under twisting and Galois actions. We use the same nota-
tions as in the previous section. We fix a character ǫ : π0(G∞) → {±1}, a simple
root i ∈ ∆ and an integer d between 0 and δ.
Let χ : G(F )\G(A)→ C∗ be a locally constant character, whose local component
at p is trivial. The automorphic representation π⊗χ fulfils all the assumptions we
imposed on π. Thus, we can define L
(d)
i (π⊗χ, p)
ǫ ⊆ Homct(F ∗p ,Ω). The restriction
of χ to G(F∞) descends to a character χ∞ : π0(G∞)→ {±1}.
Proposition 3.15. We have
L
(d)
i (π ⊗ χ, p)
ǫχ∞ = L
(d)
i (π, p)
ǫ
for every locally constant character χ : G(F )\G(A)→ C∗ with χp = 1.
Proof. After possibly shrinking the compact, open subgroup Kp ⊆ G(Ap,∞) chosen
at the beginning of Section 3.3 we may assume that the restriction of χ to it is
trivial. Let Twχ : A(Kp, v∞I ; Ω(ǫ))→ A(K
p, v∞I ; Ω(ǫχ∞)) be the G(F )-equivariant
map given by Twχ(φ)(g,m) = χ(g) · φ(g,m). The induced map in cohomology
Hd(G(F ),A(Kp, v∞I ; Ω(ǫ)))[π]
Twχ
−−−→ Hd(G(F ),A(Kp, v∞I ; Ω(ǫχ∞)))[π ⊗ χ]
is an isomorphism for all subsets I ⊆ ∆. The claim now follows from the commu-
tativity of the diagram
Hd(G(F ),A(Kp, StGp ; Ω(ǫ)))[π] H
d(G(F ),A(Kp, StGp ; Ω(ǫχ∞)))[π ⊗ χ]
Hd+1(G(F ),A(Kp, v∞i ; Ω(ǫ)))[π] H
d+1(G(F ),A(Kp, v∞i ; Ω(ǫχ∞)))[π ⊗ χ]
c
(d)
i (λ)[π]
ǫ
Twχ
Twχ
c
(d)
i (λ)[π ⊗ χ]
ǫχ∞
for all λ ∈ Homct(F ∗p ,Ω). 
Now suppose that there exists a subfield F0 ⊆ F and an algebraic group G0 over
F0 such that
• F is a Galois extension of F0,
• the base change of G0 to F is isomorphic to G and
• G0 is split at the prime lying below p.
The F0-linear action of the Galois group Gal(F/F0) on A induces an action
on G(A) = G0(A). For an element σ ∈ Gal(F/F0) let πσ be the representation
of G(A) with the same underlying vector space as π and G(A)-action given by
g ·πσ v = σ(g).v for all g ∈ G(A), v ∈ π. The representation πσ fulfils all the
assumptions we imposed on π but with the prime pσ = σ−1(p) in place of p. Thus,
we can define L
(d)
i (π, p
σ)ǫ ⊆ Homct(F ∗p ,Ω). Given a character ǫ : π0(G∞)→ {±1}
we put
ǫσ : π0(G∞)
σ
−→ π0(G∞)
ǫ
−→ {±1} .
Pullback via σ : Fpσ → Fp yields an isomorphism
σ∗ : Homct(F
∗
p ,Ω) −→ Homct(F
∗
pσ ,Ω).
The following proposition follows easily by unravelling the definitions. See
[Geh19b], Lemma 3.1, for a complete proof in the PGL2-case.
Proposition 3.16. We have
L
(d)
i (π
σ, pσ)ǫ
σ
= σ∗(L
(d)
i (π, p)
ǫ)
for every σ ∈ Gal(F/F0).
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This together with the conjectural comparison between automorphic and Galois
theoretic L-invariants, which we will explain later in Section 5.1, suggest that au-
tomorphic L-invariants should be invariant under automorphic base change. Let
us spell this out more precisely in the example G = PGLn. To simplify the situ-
ation, we assume that π∞ can be defined over the rationals. Let E be a solvable
extension of F . We fix a prime q of E lying above p. By the work of Arthur and
Clozel (see [AC89]) there exists the base change lift πE of π to PGLn/E. The
representation πE fulfils all the assumptions we imposed on π and, in addition, it
is stable under the action of the Galois group Gal(E/F ). Thus, we get the equality
L
(d)
i (π
σ
E , q
σ)1 = L
(d)
i (π, q)
1(3.4)
for all σ ∈ Gal(E/F ).
Since L
(0)
i (π, p)
1 ⊆ Homct(F
∗
p ,Qp) has codimension one by Proposition 3.13
there exists qπ ∈ F ∗p such that
L
(0)
i (π, p)
1 = ker(Homct(F
∗
p ,Qp) −→ Qp, λ 7−→ λ(qπ)).
In particular, ordp(qπ) 6= 0. Although ordp(qπ) is not uniquely determined the
homothety class of the lattice spanned by it is. Similarly, there exists an element
qπE ∈ E
∗
q for 0-th degree L of the base change πE . By equation (3.4) we can chose
qπE to be Galois invariant, i.e. qπE ∈ F
∗
p .
Conjecture B. Under the above assumptions there exist n,m ∈ Z \ {0} such that
the equality qπE = qπ holds.
In the case G = PGL2 Conjecture B is proven under some mild assumptions on
the representation π in Lemma 3.3 of [Geh19b]. If, in addition, F = Q and E is an
imaginary quadratic extension, Barrera and Williams have proven a higher weight
analogue (see Proposition 10.02 of [BWar]).
3.5. Automorphic L-invariants relative to a set of roots. We describe a
variant of the definition of automorphic L-invariants, which seems natural in view
of the calculation of finite polynomial cohomology of Drinfeld’s upper half space
in [BdS16]. As before let Ω be a finite extension of Qp, which contains Qπ. Let R
be its ring of integers. We fix subsets J ⊆ I ⊆ ∆ with |I| = |J | + 1. We assume
throughout this section that v∞S (R) is flawless for every subset S ⊆ ∆. By Theorem
2.5 this assumption holds if all simple factors of GFp are of type An.
As in the previous section p-adic integration together with the base change iso-
morphism induces a map
Hd(G(F ),A(Kp, v∞J ; Ω(ǫ))) −→ H
d(G(F ),Act(K,VctJ ; Ω(ǫ))).
Therefore, taking the cup product with λ ∈ Homct(F ∗p ,Ω), which we view as a class
in Ext1an(v
∞
I , v
an
J ) via the isomorphism from Theorem 2.13, induces a map
c
(d)
I,J(λ)[π]
ǫ : Hd(G(F ),A(Kp, v∞J ; Ω(ǫ)))[π] −→ H
d+1(G(F ),A(Kp, v∞I ; Ω(ǫ)))[π]
on the π-isotypical component of cohomology.
Definition 3.17. For a character ǫ : π0(G∞) → {±1} and an integer d ∈ Z with
0 ≤ d ≤ δ we define
L
(d)
I,J(π, p)
ǫ ⊆ Homct(F
∗
p ,Ω)
as the kernel of the map λ 7→ c
(d+q+|J|)
I,J (λ)[π]
ǫ.
Theorem 3.18. Let i ∈ I be the unique root which is not contained in J . The
equality of L-invariants
L
(d)
I,J (π, p)
ǫ = L
(d)
i (π, p)
ǫ
holds for all characters ǫ : π0(G∞)→ {±1} and all integers d ∈ Z with 0 ≤ d ≤ δ.
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Proof. The claim follows inductively from Lemma 2.16 and Corollary 3.8. 
Remark 3.19. An interesting problem is to relate L
(d)
I,J (π, p)
ǫ with the transcenden-
tal L-invariants of Besser and de Shalit (cf. Section 3 of [BdS16]), whenever both
type of L-invariants are defined. The author hopes to come back to this question in
the future.
3.6. Cohomology with compact support. There is also a variant of the above
constructions using cohomology with compact support. We use its description in
terms of the Steinberg module of G. For more details on the Steinberg module
of a reductive group see [Ree90]. We keep the same notations as in the previous
sections.
Let P the set of proper maximal F -rational parabolic subgroups of G. A subset
S = {P0, . . . , Pk} ⊂ P of cardinality k + 1 is called k-simplex if P1 ∩ . . . ∩ Pk is
a parabolic subgroup of G. Let Dk be the free abelian group generated by the
k-simplices on P . Taking the associated simplicial complex we get a sequence of
G(F )-modules
Dl−1 −→ Dl−2 −→ · · · −→ D0 −→ Z −→ 0.(3.5)
Definition 3.20. The Steinberg (or dualizing) module DG of G is the kernel of the
map Dl−1 → Dl−2 (where we set D−1 = Z if l = 1).
Let Pk be the set of proper F -rational parabolic subgroups of semi-simple F -rank
l−1−k containing a fixed minimal parabolic subgroup of G. Then for 0 ≤ k ≤ l−1
there is a natural isomorphism of G(F )-modules⊕
P∈Pk
c-ind
G(F )
P (F ) Z
∼=
−→ Dk.
The homology of the complex (3.5) can be identified with the reduced homology of
the spherical building associated to G, which is homotopy equivalent to a bouquet
of (l − 1)-spheres. Therefore, the complex of G(F )-modules
0 −→ DG −→ Dl−1 −→ · · · −→ D0 −→ Z −→ 0(3.6)
is exact (see for example [BS76]).
With the same notations as at the beginning of Section 3.1 we put
AR,c(K
p,M ;N) = HomZ(DG,AR(K
p,M ;N)),
Ac(K
p ×Kp;N) = HomZ(DG,A(K
p ×Kp;N))
and define
Hdc(XKp×Kp , R)
ǫ = Hd−l(G(F ),Ac(K
p ×Kp;R(ǫ))).
As before, we often drop the subscript R. Using the Borel-Serre compactification
(cf. [BS73]) one can show: if R is a field of characteristic zero or Kp ×Kp is neat,
then this group is naturally isomorphic to the cohomology with compact supports
of the associated locally symmetric space.
By the exactness of the complex (3.6) we get morphisms
∂ : Hd(G(F ),AR,c(K
p,M ;N)) −→ Hd+l(G(F ),AR(K
p,M ;N)),(3.7)
which are functorial in M and N and compatible with the usual map from coho-
mology with compact support to cohomology.
Lemma 3.21. Let Ω be an extension of Qπ.
(a) The map
∂ : Hdc(XKp×Ip ,Ω)
ǫ[π] −→ Hd(XKp×Ip ,Ω)
ǫ[π]
is an isomorphism for all characters ǫ.
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(b) The map
∂ : Hd(G(F ),Ac(K
p, v∞I ; Ω(ǫ)))[π] −→ H
d+l(G(F ),A(Kp, v∞I ; Ω(ǫ)))[π]
is an isomorphism for all subsets I ⊆ ∆ and all characters ǫ.
Proof. The first claim follows from the fact that cuspidal cohomology classes lift to
cohomology with compact support. As in (3.2) we define the map
ev(d) : Hd(Ac(K
p, St∞Gp ; Ω(ǫ))
p) −→ Hd+lc (XKp×Kp ,Ω)
ǫ
as evaluation at an Iwahori-fixed vector. With the same arguments as in the proof of
Proposition 3.6 we deduce that the restriction of ev(d) to the π-isotypical component
is an isomorphism. The diagram
Hd(G(F ),Ac(Kp, St∞Gp ; Ω(ǫ))
p)[π] Hd+l(G(F ),A(Kp, St∞Gp ; Ω(ǫ))
p)[π]
Hd+l(XKp×Ip ,Ω)
ǫ[π] Hd+lc (XKp×Ip ,Ω)
ǫ[π]
ev(d)
∂
∂
ev(d+l)
is commutative. Both vertical maps and the bottom horizontal one are isomor-
phisms and therefore, the upper horizontal map is an isomorphism as well.
As in Section 3.2 the short exact sequence
0 −→ v∞J (Q) −→ E
∞
I,J(Q) −→ v
∞
I (Q) −→ 0
induces as map
c
(d)
I,J [π]
ǫ
c : H
d(G(F ),Ac(K
p, v∞J ; Ω(ǫ)))[π]→ H
d+1(G(F ),Ac(K
p, v∞I ; Ω(ǫ)))[π].
By the same arguments as for Corollary 3.8 this is an isomorphism. Again, the
diagram
Hd(G(F ),Ac(Kp, v∞J ; Ω(ǫ)))[π] H
d+l(G(F ),A(Kp, v∞J ; Ω(ǫ)))[π]
Hd(G(F ),Ac(Kp, v∞I ; Ω(ǫ)))[π] H
d+l(G(F ),A(Kp, v∞I ; Ω(ǫ)))[π]
c
(d)
I,J [π]
ǫ
c
∂
∂
c
(d+l)
I,J [π]
ǫ
c
is commutative and the vertical maps are isomorphisms. Thus, the second claim
follows by induction. 
Utilizing the resolution (3.6) of DG one can easily deduce that Proposition 3.2
and Corollary 3.4 also hold with AR,c(K,M ;N)p in place of AR(K,M ;N)p (see
Proposition 5.6 of [Spi14] for detailed proof in the case G = PGL2). Let Ω be a
finite extension of Qp containing Qπ. If V ∈ UΩ(Gp) is an admissible Ω-Banach
representation of Gp, we put
ActΩ,c(K
p, V ; Ω(ǫ))HomZ(DG,A
ct
Ω (K
p, V ; Ω(ǫ))).
As in the previous section we get an isomorphism
Hd(G(F ),Ac(K
p, St∞Gp ; Ω(ǫ))) −→ H
d(G(F ),ActΩ,c(K, St
an
Gp ; Ω(ǫ)))(3.8)
of cohomology groups and hence, a well-defined cup-product pairing
Hd(G(F ),Ac(K, St
∞
Gp ; Ω(ǫ)))× Ext
1(v∞i (Ω), St
an
Gp(Ω))
−→Hd+1(G(F ),Ac(K, v
∞
i ; Ω(ǫ)))
for every root i ∈ ∆. This in turn by Theorem 2.13 induces a map
c
(d)
i (λ)[π]
ǫ
c : H
d(G(F ),Ac(K, St
∞
Gp ; Ω(ǫ)))[π] −→ H
d+1(G(F ),Ac(K, v
∞
i ; Ω(ǫ)))[π]
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for every homomorphism λ ∈ Homct(F ∗p ,Ω).
Definition 3.22. Given a character ǫ : π0(G∞) → {±1}, an integer d ∈ Z with
0 ≤ d ≤ δ and a root i ∈ I we define
L
(d)
i (π, p)
ǫ
c ⊆ Homct(F
∗
p ,Ω)
as the kernel of the map λ 7→ c
(d+q−l+|J|)
i (λ)[π]
ǫ
c .
Using similar arguments as the one in the proof of Lemma 3.21 one immediately
proves the following claim.
Proposition 3.23. Let ǫ : π0(G∞) → {±1} be a character and i ∈ ∆ a simple
root. We have
L
(d)
i (π, p)
ǫ
c = L
(d)
i (π, p)
ǫ
for every 0 ≤ d ≤ δ.
We end this section by noting that the proof of Lemma 3.5 also works for coho-
mology with compact support. Thus, we get:
Lemma 3.24. Let R be a ring and M ∈ CsmR (Gp) a smooth R[Gp]-module. There
is a natural isomorphism:
H0(G(F ),AR,c(K
p,M ;R(ǫ))) ∼= HomR[Gp](M, lim−→
Kp
Hlc(XKp×Kp , R)
ǫ),
where the injective limit runs over all compact, open subgroups Kp ⊆ Gp.
The R-valued Hecke algebra T(Kp)R away from p of level Kp acts on both sides.
Going through the proof of Lemma 3.5 it is easy to see that the above map is
Hecke-equivariant.
4. Derived Hecke algebra
We show that L
(d)
i (π, p)
ǫ is independent of the cohomological degree d provided
that a conjecture of Venkatesh on the action of the derived Hecke algebra on
cohomology holds. The arguments carry over from the PGL2-case as discussed
in [Geh19a].
4.1. Local derived Hecke algebras. We recall Venkatesh’s definition of (spher-
ical) local derived Hecke algebras and their action on various cohomology groups
(cf. Section 2 of [Ven16]).
Let v be a prime of F , which does not divide p and such that GFv is split. We
fix a hyperspecial subgroup Kv ⊆ Gv. Further, let r ≥ 1 be an integer.
Definition 4.1. The (spherical) derived Hecke algebra at v with Z/pr-coefficients
is the graded algebra
Hv,Z/pr = H (Gv,Kv)Z/pr = Ext
∗
Csm
Z/pr
(Gv)(Z/p
r[Gv/Kv],Z/p
r[Gv/Kv]).
Note that the degree 0 subalgebra of Hv,Z/pr is the usual spherical Hecke algebra
of Gv with Z/pr-coefficients.
Theorem 4.2 (Venkatesh). Suppose that pr divides N (v)−1 and p does not divide
the order of the Weil group of G. Then the local derived Hecke algebra Hv,Z/pr is
graded commutative.
Proof. This is an immediate consequence of the derived Satake isomorphism (see
[Ven16], Theorem 3.3) 
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Let Ω be a finite extension of Qp with ring of integers R. Given a compact open
subgroup Kp =
∏
w∤p∞Kw ⊆ G(A
p,∞) a sign character ǫ : π0(G∞) → {±1} and
a a smooth Gp-representation M ∈ CsmZ/pr(Gp) there is a graded action of Hv,Z/pr
on H∗(G(F ),AR/pr (K
p,M ;R/pr(ǫ)): Pullback along the embedding G(F ) → Gp
induces a map
H (Gv,Kv)Z/pr −→ H
∗(G(F ),EndCsm
Z/pr
(Z/pr[Gv/Kv])).
The action of the derived Hecke algebra is then given by the cup product pairing
coming from the natural pairing
AR/pr (K
p,M ;R/pr(ǫ))× EndCsm
Z/pr
(Z/pr[Gv/Kv]) −→ AR/pr (K
p,M ;R/pr(ǫ)).
A more concrete description of the action in terms of explicit generators of the
derived Hecke algebra can be found in Section 4.2 of [Geh19a].
Let k be a large enough integer. By the results of Section 2.6 we can associate
to any locally constant homomorphism λ¯ : F ∗p → p
kR/pk+rR an extension class
in Ext1Csm
R/prR
Gp)(v
∞
i (R/p
rR), St∞Gp(R/p
rR)). Taking cup product with this class
induces a homomorphism
c
(d)
i (λ¯)
ǫ : Hd(G(F ),A(Kp, St∞Gp ;R/p
r(ǫ))) −→ Hd+1(G(F ),A(Kp, v∞i ;R/p
r(ǫ))).
Further, let Ip ⊆ Gp be an Iwahori subgroup. Evaluation at an Iwahori fixed
vector yields a Hecke-equivariant map
ev
(d)
R/pr : H
d(G(F ),A(Kp, St∞Gp ;R/p
r(ǫ))) −→ Hd(XKp×Ip , R/p
r)ǫ.
Lemma 4.3. Let t ∈ Hv,Z/pr be an element of degree d
′.
(a) Let ℓ¯ : F ∗p → p
kR/pk+rR be a locally constant character. Then, the equality
c
(d+d′)
i (λ¯)
ǫ(t.x) = (−1)d
′
t.c
(d)
i (λ¯)
ǫ(x)
holds for all x ∈ Hd(G(F ),A(Kp, St∞Gp ;R/p
rR(ǫ))).
(b) The equality
ev
(d+d′)
R/pr (t.x) = t. ev
(d)
R/pr (x)
holds for all x ∈ Hd(G(F ),A(Kp, St∞Gp ;R/p
r(ǫ))).
Proof. See Lemma 4.6 of [Geh19a] for a detailed proof in the case G = PGL2. The
same arguments carry over to this more general setup. 
4.2. Global derived Hecke algebra and independence of degree. Let Kp ⊆
G(Ap,∞) a compact open subgroup as in Section 3.2. We may assume that Kp
is given as a product
∏
v∤p∞Kv. Further, let Ω be a finite extension of Qp, such
that π∞ can be defined over Ω, and R its ring of integers with uniformizer ̟. Let
S be the finite set of all places v 6= p of F such that v divides ∞ or Kv is not
hyperspecial. We write T(S) = T
(S)
R = R[K
S\G(AS)/KS] for the associated Hecke
algebra, which is commutative by the Satake isomorphism. It acts on πS via a
character ϕ : T(S) → R. Let m = m(π) be the kernel of the map
T(S) −→ R/(̟), t 7−→ ϕ(t) mod m.
A finite place v /∈ S is called good if v ∤ p, Gv is split and pr divides N (v)− 1.
Lemma 4.4. Assume that p does not divide the order of the Weil group of G.
Then the subalgebra of End(H∗(G(F ),AR(K
p,M ;R/pr(ǫ))) generated by the action
of the derived Hecke algebras Hv,Z/pr for all good v is graded commutative and it
commutes with the action of T(S).
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Proof. It can easily be seen that derived Hecke operators at different place anti-
commute with each other. Thus, the assertion follows from Venkatesh’s theorem
above. 
Before we introduce the global derived Hecke algebra let us first define the mod-
ules on which it acts. Firstly, we put
Ar = H
∗(XKp×Ip , R/p
r)ǫm.
Here, the subscript m denotes localization at the maximal ideal m. Secondly, we
define
B′r = H
∗(G(F ),A(Kp, St∞Gp ;R/p
rR(ǫ)))m
and
Br = B
′
r/ ker(ev
(∗)
R/pr ),
where as before ev
(∗)
R/pr is given by evaluation at an Iwahori fixed vector. We put
C′r =
∑
λ¯
c
(∗)
i (λ¯)
ǫ(B′n)
where the sum runs over all locally constant homomorphism λ¯ : F ∗p → p
kR/pn.
Finally, we define
Cr = Cr/
∑
λ¯
cǫλ¯(ev
(∗)
R/pr ).
Thus, the evaluation ev
(∗)
R/pr induces an injective map
ev : Bn −→ An
and every locally constant homomorphism λ¯ : F ∗p → R/p
r induces a map
cǫλ¯ : Bn −→ Cn.
Lemma 4.4 and Lemma 4.3 imply that for every good place v of F the actions of
Hv,Z/pr constructed in the previous section descends to actions on the modules Ar,
Br and Cr. Furthermore, the map ev
(∗)
R/pr is a Hv,Z/pr -homomorphism of degree
0 and the maps c
(∗)
i (λ¯)
ǫ are Hv,Z/pr -homomorphism of degree 1. Let T˜
∗
Z/pn ⊆
End(Ar) be the graded algebra generated by the actions of Hv,Z/pr for all good
places v of F . There are natural reduction maps T˜∗Z/pr → T˜
∗
Z/ps for r ≥ s.
Definition 4.5. The global derived Hecke algebra is the graded Qp-algebra
T˜ = lim
←−
r
T˜∗Z/pr ⊗Qp.
We put A∞ = lim←−r
Ar ⊗R Ω and similarly for B∞ and C∞. By Corollary 3.4
there are canonical isomorphisms
A∞[π] ∼= H
∗(XKp×Ip ,Ω)
ǫ[π],
B∞[π] ∼= H
d(G(F ),A(Kp, St∞Gp ; Ω(ǫ)))[π]
and
C∞[π] ∼= H
∗(G(F ),A(Kp, v∞i ; Ω(ǫ)))[π].
provided that v∞i (R) is flawless. By construction the global derived Hecke algebra
T˜ acts on all of these modules.
By the two lemmas above T˜ fulfils analogues of the properties (DH1)-(DH3) and
(DH5) from Section 4.1 of [Geh19a]. Thus, by a straightforward generalization of
Main Lemma 4.1 of loc.cit. we get the following result.
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Theorem 4.6. Assume that p does not divide the order of the Weil group of G
and that v∞i (R) is flawless. Further, assume that L
(0)
i (π, p)
ǫ ⊆ Homct(F ∗p ,Ω) is
a subspace of codimension one. If Hq(XKp×Ip ,Ω)
ǫ generates H∗(XKp×Ip ,Ω)
ǫ as a
T˜-module, then part (ii) of Conjecture A holds, i.e. we have
L
(d)
i (π, p)
ǫ = L
(0)
i (π, p)
ǫ
for all 0 ≤ d ≤ δ.
Remark 4.7. By Proposition 3.13 the condition that L
(0)
i (π, p)
ǫ has codimension
one is fulfilled if the multiplicity of the representation π is equal to one, which
always holds if G = PGLn. By Theorem 2.3 the R[Gp]-module v
∞
i (R) is also
flawless in this case. Thus, if G = PGLn, the assumptions of the above theorem
reduce to p ∤ n! and that the π-isotypical component of cohomology of the associated
locally symmetric space is generated by its minimal degree component. The later
assumption is, of course, the more crucial one. In case that π is spherical at p it was
formulated as a question by Venkatesh in [Ven16]. See Theorem 7.6 of loc.cit. for
certain cases, in which Venkatesh answers the question affirmative.
5. Galois representations and completed cohomology
5.1. Conjectural connection to Galois representations. By assumption the
automorphic representation π is cohomological. So, in particular, it is C-algebraic
in the sense of Buzzard and Gee (cf. [BG14]). In loc. cit. it is conjectured that one
can associate a Galois representation ρπ to π that takes values in p-adic points of
the C-group CG of G. After recalling the definition of the C-group we will refine
the conjecture in our case. More precisely, we will give a conjectural description of
certain subquotients of the restriction ρπ,p of ρπ to the local Galois group at p in
terms of automorphic L-invariants.
Let us start with a brief reminder on the classical situation. Suppose f is a
(elliptic modular) newform of weight 2 and level Γ0(N), which is Steinberg at the
rational prime p. For simplicity, we assume that f has rational Fourier coefficients
The automorphic representation πf associated to f is a representation of PGL2.
Although the dual group of PGL2 is SL2, the p-adic Galois representation ρf
attached to f takes values in GL2(Qp) and no twist of it has image in SL2(Qp). We
write Qp(1) for the one-dimensional Galois representation given by the cyclotomic
character (and use a similar notation in case the coefficients are a finite extension
of Qp). Since f is Steinberg (and ordinary) at p the restriction of ρf to the local
Galois group Gal(Qp/Qp) at p is a non-split extension of Qp by Qp(1), i.e. it defines
a non-zero class [ρf,p] in H
1(Gal(Qp/Qp),Qp(1)). By local class field theory we have
an isomorphism
Homct(Q
∗
p,Qp) ∼= H
1(Gal(Qp/Qp),Qp).
We define
L(ρf,p) ⊆ Homct(Q
∗
p,Qp)
as the kernel of taking the cup product with the class [ρf,p]. By local Tate duality
this is subspace of codimension one. By Theorem 1 of [Dar01] we have an equality
of subspaces
L(ρf,p) = L(πf , p).(5.1)
In this situation there is only one simple root and one cohomological degree. Hence,
we have dropped them from the notation. Since the independence of the sign
character is known for the automorphic L-invariant in this case (see Remark 3.14),
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we dropped it from the notation as well. For an analogue of the above equality of L-
invariant for modular elliptic curves over totally real number fields see Proposition
5.9 of [Spi14].
Now let us return to our general setup. In Proposition 5.3.1 of [BG14] a canonical
Gm-extension G′ of G is constructed. For example, in the case G = PGL2 this
extensions turns out to be GL2. The C-group
CG of G is defined to be the L-
group of G′. Here we view the L-group of a reductive group over F as an algebraic
group defined over Q. Thus, the group CG is a semi-direct product of the dual
reductive group Ĝ′ of G′ (defined over Q) and the absolute Galois group Gal(Q/F )
of F . Let
ρπ : Gal(Q/F ) −→
CG(Qp)
be one of the Galois representation conjecturally associated to π as in [BG14],
Conjecture 5.3.4. In particular, the composition of ρπ with the natural projection
CG(Qp) → Gal(Q/F ) is the identity and the restriction of ρπ to almost all local
Galois groups is compatible with the local Satake isomorphism (cf. loc. cit. for
more details.) Note that ρπ is not uniquely determined (up to conjugation) by π
as pointed out in Remark 3.2.4 of [BG14].
By assumption, G and hence G′ is split at p. Therefore, the action of the local
Galois group Gal(Qp/Fp) on Ĝ′ is trivial. Thus, restricting ρπ to the local Galois
group at p yields a homomorphism
ρπ,p : Gal(Qp/Fp) −→ Ĝ′(Qp)×Gal(Qp/Fp) −→ Ĝ′(Qp),
where the second map is given by projection on the first factor. We may fix a finite
extension Ω of Qp such that ρπ,p takes values in Ĝ′(Ω).
We fix a split torus and a Borel subgroup T̂ ′ ⊆ B̂′ ⊆ Ĝ′ and view ∆ as a set of
cocharacters of T . Let ∆∨ be the associated set of dual roots.
Definition 5.1. A representation
ρp : Gal(Qp/Fp) −→ Ĝ′(Ω)
is special if
• its image is (up to conjugation) contained in B̂′(Ω) and
• the composition i∨ ◦ ρp is the cyclotomic character for all i∨ ∈ ∆∨.
Let ρp : Gal(Qp/Fp) → Ĝ′(Ω) be a special representation. For every i ∈ ∆ let
P̂ ′i ⊆ Ĝ
′ the standard parabolic subgroup associated to its dual root i∨. Since the
Levi subgroup of P̂ ′i has semi-simple rank 1, there exists a non-zero map
pri : P̂
′
i −→ PGL2.
The composition ρp,i = pri ◦ρp takes (up to conjugation) values in the Borel sub-
group of upper triangular matrices in PGL2(Ω). Since ρp is special we can lift ρp,i
to an honest two-dimensional representation which is an extension of Ω by Ω(1)
and, thus, it defines a class [ρp,i] in H
1(Gal(Qp/Qp),Ω(1)). Note that a priori this
class could be trivial. Similar as above, we define
Li(ρp) ⊆ Homct(F
∗
p ,Ω)
∼= H1(Gal(Qp/Fp),Ω)
as the kernel of taking the cup product with the class [ρp,i]. By local Tate du-
ality this is a subspace of codimension at most one and the representation ρp,i is
crystalline if and only if ordp ∈ Li(ρp).
In accordance with (5.1) we make the following prediction.
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Conjecture C. The representation ρπ,p is special and the equality
Li(ρπ,p) = L
(0)
i (π, p)
1
holds for all i ∈ ∆.
If Conjecture C holds, Proposition 3.13 would imply that Li(ρπ,p) does not
contain the homomorphism ordp and, therefore, the two-dimensional representation
ρπ,p,i is not crystalline for all i ∈ ∆.
Let us give some evidence for first part of the conjecture, which follows from
deep results in the Langlands program. We assume that F is either totally real or
a CM field and that G is equal to PGLn. In addition to our running assumptions
we assume that the automorphic representation π is polarized. Then, by the work
of many people (see Theorem 2.1.1 of [BLGGT14] for a detailed discussion) there
exists a p-adic Galois representation
ρπ : Gal(Q/F ) −→ GLn(Ω),
which is compatible with the local Langlands correspondence at all finite places
away from p and is Hodge-Tate with weights n− 1, n− 2, . . . , 0 at all places above
p. (Note that GLn is not isomorphic but merely isogenous to P̂GL′n.) Since πp =
St∞p (C) has an Iwahori-fixed vector, the local representation ρπ,p is semi-stable and
the associated Weil-Deligne representation is equal to the image of St∞p (C) under
the local Langlands correspondence by the main theorem of [Car14]. In particular,
the associated Newton and Hodge polygons agree. Thus, one can deduce that ρπ,p is
special. In addition, one sees that the monodromy operator has maximal rank and,
therefore, an easy calculation shows that the representations ρπ,p,i, i = 1, . . . , n−1,
are not crystalline (cf. [Din19], Lemma 3.2).
In Section 5.3 we will provide a proof of the above conjecture for certain auto-
morphic representations of definite unitary groups.
Remark 5.2. In case of a non-trivial coefficient system π would no longer be ordi-
nary at p. Thus, one does not expect that the associated local Galois representation
is upper triangular but rather trianguline. For this to make sense and to define L-
invariants on the Galois side for a general reductive group G one needs to develop
a theory of Ĝ′-valued (ϕ,Γ)-modules.
5.2. Completed cohomology - relatively definite case. We relate automor-
phic L-invariants to the π-isotypical component of completed cohomology as intro-
duced by Emerton in [Eme06]. First, we deal with the case that the group G is
close to being definite. The general case will be discussed in a subsequent section.
As before, let Ω be a finite extension of Qp, which is large enough, and R
its ring of integers with uniformizer ̟. Also, we fix a compact, open subgroup
Kp ⊆ G(Ap,∞), which is small enough.
We put
H˜dc(XKp , R/(̟
r))ǫ = lim
−→
Kp
Hdc(XKp×Kp , R/(̟
r))ǫ,
where the injective limit runs over all compact, open subgroups Kp ⊆ Gp. Com-
pleted cohomology (with compact support) of tame level Kp, degree d and sign ǫ
with coefficients in R respectively Ω is defined by
H˜dc(XKp , R)
ǫ = lim
←−
r
H˜dc(XKp , R/(̟
r))ǫ
respectively
H˜dc(XKp ,Ω)
ǫ = H˜dc(XKp , R)
ǫ ⊗ Ω.
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The completed cohomology group H˜dc(XKp ,Ω)
ǫ is an admissible Banach represen-
tation of Gp.
The following theorem was first proven in the case G = GL2, F = Q by Breuil
(see [Bre10], Theorem 1.1.3).
Theorem 5.3. Let B be a Ω-Banach representation of Gp. There is a Hecke-
equivariant isomorphism
H0(G(F ),ActΩ,c(K
p, B; Ω(ǫ))) ∼= HomΩ[Gp],ct(B, H˜
l
c(XKp ,Ω)
ǫ),
which is functorial in B.
Proof. Let us fix a Gp-invariant complete R-latticeM ⊆ B and putMr =M/̟rM.
Since Mr is a smooth Gp-module, we have
H0(G(F ),AR,c(K
p,Mr;R/(̟)
r(ǫ))) ∼= HomR[Gp](Mr, H˜
d
c(XKp , R/(̟
r))ǫ)
by Lemma 3.24. Note that we may replaceMr byM on both sides without changing
them. Taking projective limits we get an isomorphism
H0(G(F ),AR,c(K
p,M ;R(ǫ))) ∼= HomR[Gp](M, H˜
d
c(XKp , R)
ǫ).
It is known that the torsion submodule of completed cohomology has bounded
exponent (cf. [CE11], Theorem 1.1). Thus, we may localize at p to obtain the
sought-after isomorphism. It obviously commutes with the action of the Hecke
algebra. 
Definition 5.4. We call G relatively definite if the equality l = q holds.
Example 5.5. If G is definite, then both l and q are zero and, therefore, G is
relatively definite. Suppose F = Q, then the groups PGL2 and PGL3 are relatively
definite. In the first case we have l = q = 1 and in the second case we have
l = q = 2. If F is an imaginary quadratic field, the group PGL2 is relatively
definite with l = q = 1. Every group isogenous to a relatively definite group is
relatively definite.
Combining Theorem 5.3 with Lemma 3.21, Proposition 3.6 (c) and the isomor-
phism (3.8) we get the following result.
Corollary 5.6. Suppose G is relatively definite. Then we have:
dimHomΩ[Gp],ct(St
ct
Gp , H˜
q
c(XKp ,Ω)
ǫ[π]) = mπ.
Proposition 5.7. Suppose G is relatively definite. Under the assumption that
v∞i (R) is flawless, we have: The canonical restriction map
HomΩ[Gp],ct(E
ct
i (λ), H˜
q
c(XKp ,Ω)
ǫ[π]) −→ HomΩ[Gp],ct(St
an
Gp(Ω), H˜
q
c(XKp ,Ω)
ǫ[π])
is injective for all homomorphisms λ ∈ Homct(F ∗p ,Ω). It is an isomorphism if and
only if λ ∈ L
(0)
i (π, p)
ǫ.
Proof. Taking continuous duals is an exact functor on Banach spaces. Therefore,
we have a long exact sequence
. . . −→ Hd(G(F ),Actc (K
p,Vcti ; Ω(ǫ))[π] −→ H
d(G(F ),Actc (K
p, Ecti (λ); Ω(ǫ))[π]
−→ Hd(G(F ),Actc (K
p, StctGp ; Ω(ǫ))[π] −→ H
d+1(G(F ),Actc (K
p,Vcti ; Ω(ǫ))[π] −→ . . .
for every λ ∈ Homct(F ∗p ,Ω). We have
H0(G(F ),Actc (K
p,Vcti ; Ω(ǫ))[π] = H
0(G(F ),Actc (K
p, v∞i ; Ω(ǫ))[π] = 0,
where the first equality follows by flawlessness of v∞i (R) and the second by Propo-
sition 3.9 and Lemma 3.21.
AUTOMORPHIC L-INVARIANTS 29
Since v∞i (R) is flawless, we may take the cup product with E
ct
i (λ) to define auto-
morphic L-invariants. Hence, the first boundary map in the above exact sequence
is zero if and only if λ ∈ L
(0)
i (π, p)
ǫ
c. But by Proposition 3.23 we have an equality of
L-invariants L
(0)
i (π, p)
ǫ = L
(0)
i (π, p)
ǫ
c. Now the claims follow by applying Theorem
5.3. 
Remark 5.8. (i) In the case of elliptic modular cusp forms the proposition above
is due to Breuil (see [Bre10], Theorem 1.1.5).
(ii) One might wonder if a similar statement is true in higher cohomological de-
gree. But by the vanishing conjectures on completed cohomology dictate that
this cannot be the case. More precisely, it is conjectured that H˜dc(XKp ,Ω)
ǫ = 0
for all d > q and every group G (see the survey paper of Calegari and Emer-
ton [CE11] for a more detailed conjecture). This is known for groups of Hodge
type by Scholze (see [Sch15], Corollary IV.2.2). A non-Shimura example for
which the conjecture can be checked easily is the group PGL2 over an imagi-
nary quadratic field (cf. Example 2.12 of [CE11]).
5.3. Definite unitary case. Let us assume that we are in the situation considered
in section 4 of [Din19] (see also Section 5.1 of [EG14] and Section 2.3 of [CEG+16]).
We do not spell out the complete list of assumptions imposed on G and π in these
references but give a summary of the most crucial ones in the following. We assume
F is a totally real number field and we fix a totally imaginary quadratic extension
E of F , which is unramified at all finite places and split at p. Let q be any prime
of E lying above p. Aside from our usual assumption on G we suppose that G is a
definite outer form of PGLn such that GE = PGLn,E and p ∤ 2n. (In particular,
δ = 0 and π0(G∞) is trivial and, therefore, there is only a single automorphic
L-invariant attached to π.)
We further assume that πv is spherical at all finite places v except at v = p and
at another finite place v1 ∤ p, which is split in E and does not split completely in
F (ζp).
Let ρπE : Gal(Q/E) → GLn(Ω) be the p-adic Galois representation associated
(to the base change of) π (see [CH13] and [Shi11] for its existence). Aside some
other assumptions on the reduction of ρπ,E we assume that it is unramified and
adequate, hence in particular irreducible, and that Frobenius at v1 acts with distinct
eigenvalues, which are not equal to N(v1)±1.
Theorem 5.9. Under the above assumptions Conjecture C holds, i.e. we have the
equality
Li(ρπE ,q) = L
(0)
i (π, p)
1
for all i ∈ ∆.
Proof. Since G is definite Proposition 5.7 applies, i.e. a continuous homomorphism
λ : F ∗p → Ω lies in L
(0)
i (π, p)
1 if and only every embedding StctGp →֒ H˜
0
c(XKp ,Ω)
ǫ[π]
can be extended to a map Ecti (λ) → H˜
0
c(XKp ,Ω)
ǫ[π]. (Note that by Theorem 2.5
the flawlessness assumption of v∞i (R) is fulfilled.) But by Theorem 1.2 of [Din19]
this is equivalent to λ ∈ Li(ρπE ,q). 
5.4. Completed cohomology - general case. We end by making a few remarks
on how the results from section 5.2 can be generalized. A priori, it might be
possible that the π-isotypical part of completed cohomology is non-zero below the
the expected q. In order to avoid this problem, we make the following strong
assumption, which is, in general, hard to check as the example at the end of the
section demonstrates. Let m be the maximal ideal of the integral Hecke algebra
T(S) = T
(S)
R as defined at the beginning of section 3.2.
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Assumption A. We assume that
Hdc(XKp×Kp ,Z/p)
ǫ
m = 0
for all 0 ≤ d < q.
Under this assumption one can inductively prove that H˜dc(XKp , R/(̟)
r)ǫm = 0
holds for all r ≥ 1. Then, by an easy spectral sequence we get the following
generalization of Lemma 3.24.
Lemma 5.10. Suppose that Assumption A holds. There is a natural isomorphism
Hq−l(G(F ),AR,c(K
p,M ;R/(̟)r(ǫ)))m ∼= HomR[Gp](M, H˜
d
c(XKp , R/(̟
r))ǫm)
for every M ∈ CsmR/(̟)r (Gp).
Using the lemma above one gets the following generalizations of the results of
Section 5.2.
Theorem 5.11. Suppose that Assumption A holds. Let B be a Ω-Banach repre-
sentation of Gp. There is a Hecke-equivariant isomorphism
Hq−l(G(F ),ActΩ,c(K
p, B; Ω(ǫ)))m ∼= HomΩ[Gp](B, H˜
q
c(XKp ,Ω)
ǫ
m).
Corollary 5.12. Suppose that Assumption A holds. We have:
dimHomΩ[Gp],ct(St
ct
Gp , H˜
q
c(XKp ,Ω)
ǫ[π]) = mπ.
Proposition 5.13. Suppose that Assumption A holds and that vi(R) is flawless.
The canonical restriction map
HomΩ[Gp],ct(E
ct
i (λ), H˜
q
c(XKp ,Ω)
ǫ[π]) −→ HomΩ[Gp],ct(St
an
Gp(Ω), H˜
q
c(XKp ,Ω)
ǫ[π])
is injective for all homomorphisms λ ∈ Homct(F ∗p ,Ω). It is an isomorphism if and
only if λ ∈ L
(0)
i (π, p)
ǫ.
Remark 5.14. Let us end with mentioning an example, where the above assump-
tion on the vanishing of completed cohomology is satisfied. Let us assume that F is
totally real and G is an anisotropic similitude group of a quadratic CM extension
E of F , which contains a imaginary quadratic field. Further, we assume that G is
associated with a division algebra over E. The main theorem of [CS17] states that
Assumption A holds if there exists a rational prime l 6= p that is completely split
in F such that the modp Galois representation attached to π is unramified and de-
composed generic at all places above l. Being decomposed generic is a certain big
image condition (see Definition 1.9 of loc.cit. for a precise definition).
References
[AA10] Y. Aı¨t Amrane. Generalized Steinberg representations for split reductive groups. C.
R. Math. Acad. Sci. Paris, 348(5-6):243–248, 2010.
[AC89] J. Arthur and L. Clozel. Simple algebras, base change, and the advanced theory of the
trace formula, volume 120 of Annals of Mathematics Studies. Princeton University
Press, Princeton, NJ, 1989.
[AdS03] G. Alon and E. de Shalit. Cohomology of discrete groups in harmonic cochains on
buildings. Israel Journal of Mathematics, 135(1):355–380, Dec 2003.
[BDI10] M. Bertolini, H. Darmon, and A. Iovita. Families of automorphic forms on definite
quaternion algebras and Teitelbaum’s conjecture. Aste´risque, 331:29–64, 2010.
[BdS16] A. Besser and E. de Shalit. L-invariants of p-adically uniformized varieties. Annales
mathe´matiques du Que´bec, 40(1):29–54, Jun 2016.
[BG14] K. Buzzard and T. Gee. The conjectural connections between automorphic repre-
sentations and Galois representations. In Automorphic forms and Galois represen-
tations. Vol. 1, volume 414 of London Math. Soc. Lecture Note Ser., pages 135–187.
Cambridge Univ. Press, Cambridge, 2014.
AUTOMORPHIC L-INVARIANTS 31
[BLGGT14] T. Barnet-Lamb, T. Gee, D. Geraghty, and R. Taylor. Potential automorphy and
change of weight. Ann. of Math. (2), 179(2):501–609, 2014.
[Bor63] A. Borel. Some finiteness properties of adele groups over number fields. Inst. Hautes
E´tudes Sci. Publ. Math., 16:5–30, 1963.
[Bor81] A. Borel. Stable real cohomology of arithmetic groups II. In Jun-ichi Hano, A. Mori-
moto, S. Murakami, K. Okamoto, and H. Ozeki, editors, Manifolds and Lie Groups,
volume 14 of Progress in Mathematics, pages 21–55. Birkha¨user Boston, 1981.
[Bre10] C. Breuil. Se´rie spe´ciale p-adique et cohomologie e´tale comple´te´e. Aste´risque, 331:65–
115, 2010.
[Bre19] C. Breuil. Ext1 localement analytique et compatibilite´ local-global. American Jour-
nal of Mathematics, 141(3):611–703, 2019.
[BS73] A. Borel and J-P. Serre. Corners and arithmetic groups. Commentarii Mathematici
Helvetici, 48(1):436–491, 1973.
[BS76] A. Borel and J-P. Serre. Cohomologie d’immeubles et de groupes S-arithme´tiques.
Topology, 15(3):211 – 232, 1976.
[BW00] A. Borel and N.R. Wallach. Continuous Cohomology, Discrete Subgroups, and Rep-
resentations of Reductive Groups. Mathematical surveys and monographs. American
Mathematical Society, 2000.
[BWar] D. Barrera and C. Williams. Exceptional zeros and L-invariants of Bianchi modular
forms. Transactions of the American Mathematical Society, to appear.
[Car14] A. Caraiani. Monodromy and local-global compatibility for l = p. Algebra Number
Theory, 8(7):1597–1646, 2014.
[CE11] F. Calegari and M. Emerton. Completed cohomology – a survey, page 239–257. Lon-
don Mathematical Society Lecture Note Series. Cambridge University Press, 2011.
[CEG+16] A. Caraiani, M. Emerton, T. Gee, D. Geraghty, V. Paskunas, and S. W. Shin. Patch-
ing and the p-adic local Langlands correspondence. Camb. J. Math., 4(2):197–287,
2016.
[CH13] G. Chenevier and M. Harris. Construction of automorphic Galois representations, II.
Camb. J. Math., 1(1):53–73, 2013.
[Col05] P. Colmez. Ze´ros supple´mentaires de fonctions L p-adiques de formes modulaires. In
Algebra and Number Theory: Proceedings of the Silver Jubilee Conference University
of Hyderabad, pages 193–210. Hindustan Book Agency, 2005.
[CS17] A. Caraiani and P. Scholze. On the generic part of the cohomology of compact unitary
Shimura varieties. Ann. of Math. (2), 186(3):649–766, 2017.
[Dar01] H. Darmon. Integration on Hp ×H and arithmetic applications. Ann. of Math. (2),
154(3):589–639, 2001.
[Dat06] J. F. Dat. Espaces syme´triques de Drinfeld et correspondance de Langlands locale.
Annales scientifiques de l’E´cole Normale Supe´rieure, 4e se´rie, 39(1):1–74, 2006.
[Din19] Y. Ding. Simple L-invariants for GLn. Transactions of the American Mathematical
Society, to appear, 2019.
[EG14] M. Emerton and T. Gee. A geometric perspective on the Breuil-Me´zard conjecture.
J. Inst. Math. Jussieu, 13(1):183–223, 2014.
[Eme06] M. Emerton. On the interpolation of systems of eigenvalues attached to automorphic
hecke eigenforms. Inventiones mathematicae, 164(1):1–84, Apr 2006.
[Geh18] L. Gehrmann. On Shalika models and p-adic L-functions. Israel Journal of Mathe-
matics, 226(1):237–294, Jun 2018.
[Geh19a] L. Gehrmann. Derived Hecke algebra and automorphic L-invariants. Trans. Amer.
Math. Soc., 372(11):7767–7784, 2019.
[Geh19b] L. Gehrmann. Functoriality of automorphic L-invariants and applications. Docu-
menta Mathematica, 24:1225–1243, 2019.
[GK11] E. Grosse-Klo¨nne. On the p-adic cohomology of some p-adically uniformized varieties.
J. Algebraic Geom., 20(1):151–198, 2011.
[GK14] E. Große-Klo¨nne. On special representations of p-adic reductive groups. Duke Math.
J., 163(12):2179–2216, 2014.
[Maz94] B. Mazur. On monodromy invariants occurring in global arithmetic, and Fontaine’s
theory. In p-adic monodromy and the Birch and Swinnerton-Dyer conjecture
(Boston, MA, 1991), volume 165 of Contemp. Math., pages 1–20. Amer. Math. Soc.,
Providence, RI, 1994.
[MTT86] B. Mazur, J. Tate, and J. Teitelbaum. On p-adic analogues of the conjectures of
Birch and Swinnerton-Dyer. Inventiones mathematicae, 84(1):1–48, 1986.
[Orl05] S. Orlik. On extensions of generalized Steinberg representations. Journal of Algebra,
293(2):611 – 630, 2005.
32 L. GEHRMANN
[Ort04] Louisa Orton. An elementary proof of a weak exceptional zero conjecture. Canadian
Journal of Mathematics, 56:373–405, 2004.
[OS14] S. Orlik and B. Schraen. The Jordan-Ho¨lder series of the locally analytic Steinberg
representation. Doc. Math., 19:647–671, 2014.
[Ree90] M. Reeder. Modular symbols and the Steinberg representation. In Jean-Pierre
Labesse and Joachim Schwermer, editors, Cohomology of Arithmetic Groups and
Automorphic Forms, volume 1447 of Lecture Notes in Mathematics, pages 287–302.
Springer Berlin Heidelberg, 1990.
[Sch15] P. Scholze. On torsion in the cohomology of locally symmetric varieties. Ann. of
Math. (2), 182(3):945–1066, 2015.
[Shi11] Sug Woo Shin. Galois representations arising from some compact Shimura varieties.
Ann. of Math. (2), 173(3):1645–1741, 2011.
[Spi14] M. Spieß. On special zeros of p-adic L-functions of Hilbert modular forms. Inventiones
mathematicae, 196(1):69–138, 2014.
[SS91] P. Schneider and U. Stuhler. The cohomology of p-adic symmetric spaces. Inventiones
mathematicae, 105(1):47–122, 1991.
[SS97] P. Schneider and U. Stuhler. Representation theory and sheaves on the Bruhat-Tits
building. Publications Mathe´matiques de l’IHE´S, 85:97–191, 1997.
[ST02] P. Schneider and J. Teitelbaum. Locally analytic distributions and p-adic represen-
tation theory, with applications to GL(2). Journal of the American Mathematical
Society, 15(2):443–468, 2002.
[ST03] P. Schneider and J. Teitelbaum. Algebras of p-adic distributions and admissible rep-
resentations. Invent. Math., 153(1):145–196, 2003.
[Tei90] Jeremy T. Teitelbaum. Values of p-adic L-functions and a p-adic Poisson kernel.
Inventiones mathematicae, 101(2):395–410, 1990.
[Ven16] A. Venkatesh. Derived Hecke algebra and cohomology of arithmetic groups. ArXiv
e-prints, August 2016.
[Vig08] M.-F. Vigne´ras. A criterion for integral structures and coefficient systems on the tree
of PGL(2, F ). Pure Appl. Math. Q., 4(4, Special Issue: In honor of Jean-Pierre Serre.
Part 1):1291–1316, 2008.
L. Gehrmann, Fakulta¨t fu¨r Mathematik, Universita¨t Duisburg-Essen, Thea-Leymann-
Straße 9, 45127 Essen, Germany
E-mail address: lennart.gehrmann@uni-due.de
